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Abstract 

Let V = W''^ be the pseudo-Euclidean vector space of signature {p,q), 
p > 3 and W a module over the even Clifford algebra Ci^{V). A homogeneous 
quaternionic manifold (M, Q) is constructed for any spin(y)-equivariant linear 
map H : A^W ^ V. If the skew symmetric vector valued bilinear form 11 is 
nondegenerate then (M, Q) is endowed with a canonical pseudo-Riemannian 
metric g such that (M,Q,g) is a homogeneous quaternionic pseudo-Kahler 
manifold. If the metric g is positive definite, i.e. a Riemannian metric, then the 
quaternionic Kahler manifold (M, Q, g) is shown to admit a simply transitive 
solvable group of automorphisms. In this special case {p = 3) we recover 
all the known homogeneous quaternionic Kahler manifolds of negative scalar 
curvature (Alekseevsky spaces) in a unified and direct way. If p > 3 then M 
does not admit any transitive action of a solvable Lie group and we obtain 
new families of quaternionic pseudo-Kahler manifolds. Then it is shown that 
for g = the noncompact quaternionic manifold (M, Q) can be endowed with 
a Riemannian metric h such that (M, Q, h) is a homogeneous quaternionic 
Hermitian manifold, which does not admit any transitive solvable group of 
isometrics \i p > 2>. 

The twistor bundle Z — > M and the canonical S0(3)-principal bundle 
S ^ M associated to the quaternionic manifold (M, Q) are shown to be 
homogeneous under the automorphism group of the base. More specifically, 
the twistor space is a homogeneous complex manifold carrying an invariant 
holomorphic distribution T) of complex codimension one, which is a complex 
contact structure if and only if 11 is nondegenerate. Moreover, an equivariant 
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open holomorphic immersion Z ^ Z into a homogeneous complex manifold Z 
of complex algebraic group is constructed. 

Finally, the construction is shown to have a natural mirror in the category of 
supermanifolds. In fact, for any spin(y)-equivariant linear map 11 : \l'^W — > V 
a homogeneous quaternionic supermanifold (M, Q) is constructed and, more- 
over, a homogeneous quaternionic pseudo-Kahler supermanifold {M,Q,g) if 
the symmetric vector valued bilinear form 11 is nondegenerate. 

Key words: Quaternionic Kahler manifolds, twistor spaces, complex contact 
manifolds, homogeneous spaces, supermanifolds 

MSC: 53C30, 53C25 



Contents 



1 Extended Poincare algebras 



9 

9 

1.2 The canonical symmetric bilinear form l\ 11 



O Basic facts 



1.3 'I'he set of isomorphism classes of extended Poincare algebra^ 17 



2 The homogeneous quaternionic manifold {M,Q) associated to an ex- 


tended Poincare algebra 




2.1 Homogeneous manifolds associated to extended Poincare algebras . . 


2.2 Quaternionic structures 


2.3 Invariant connections on homogeneous manifolds and 1-integrability 


of homogeneous almost quaternionic manifolds 




2.4 The main theorem 


2.5 The Riemannian case 


2.6 A class of noncompact homogeneous quaternionic Hermitian manifolds 


with no transitive solvable group of isometrics 



3 Bundles associated to the quaternionic manifold {M,Q) 



22 

22 
25 

28 
31 
39 

41 
42 



4 Homogeneous quaternionic supermanifolds associated to superex- 
tended Poincare algebras 



48 

4.1 Superextended Poincare algebras] 49 



4.2 The canonical supcrsymmctric bilinear form &| 49 

4.3 The main theorem in the super case] 51 



2 



A Supergeometryl 54 

A. 1 Supermanifolds| 54 



A. 2 Pseudo-Riemannian metrics, connections and quaternionic structures 



on supermanifoldi 



A. 3 Supergroups 



A.4 Homogeneous supermanifolds 



60 
64 
68 



Introduction 



Let us start this introduction by recalling the notion of quaternionic manifold, see 
A-M2|| . A hypercomplex structure on a real vector space E consists of 3 complex 
structures (Ji, J2, J3) on E satisfying J1J2 = J3. It defines on E the structure of 
(left-) vector space over the quaternions H = {l,i,j,k} such that multiplication 
hj i, j and k is given, respectively, by Ji, J2 and J3. The 3-dimensional subspace 
Q = span{ Ji, J2, J3} C End{E) is what is called a quaternionic structure on E. A 
Euclidean scalar product (■, ■) on {E,Q) is called {Q-) Hermitian if Q consists of skew 
symmetric endomorphisms of {E, (-, ■)). Now let M be a smooth manifold, dimM > 
4. An almost quaternionic structure Q on M is a smooth field m 1— *■ Qm whose value 
at m e M is a quaternionic structure on T^M. Q is called a quaternionic structure 
and (M, Q) a quaternionic manifold if there exists a torsionfree connection on 
TM preserving the rank 3 subbundle Q C End (TM). Now let g he a Riemannian 
metric on M, Hermitian with respect to an (almost) quaternionic structure Q. Then 
M with the structure {Q, g) is called an (almost) quaternionic Hermitian manifold. 
If, moreover, the Levi-Civita connection preserves Q then {M,Q,g) is said to be a 
quaternionic Kahler manifold. We remark that quaternionic Kahler manifolds 
represent one of the few basic Riemannian geometries, as defined by Berger's list 

iBiil, [BFTIl and El. For the 



of possible Riemannian holonomy groups, see ^ ^ ^ ^ ^ ^ 

possible holonomy groups of, not necessarily Riemannian, torsionfree connections see 

Hi: 



|Schw|] and references therein. 



Next we review what is known about homogeneous quaternionic Kahler manifolds. 
First of all, quaternionic Kahler manifolds (M, Q, g) are Einstein manifolds, i.e. Ric = 
[|A1|| , ||Bes|| , |]S2| and ||Kak|| . We discuss 3 cases depending on the sign of 



eg, see e.g. 

the constant c (which is the sign of the scalar curvature). 

c = 0) Ricci-flat quaternionic Kahler manifolds are better known as hyper-Kahler 
manifolds, see |[Bes|| Ch. 14. They are Kahler manifolds with respect to 3 complex 

It is a general fact that any homogeneous Ricci-flat 



structures Ji, J2 and J3 = JiJ2- 
Riemannian manifold is necessarily flat, see 



In particular, all homogeneous 



hyper-Kahler manifolds are flat. For hyper-Kahler manifolds of small cohomogeneity 
see O, O, P^ , P^ , [ P^ , P^Tj , |Sw2| and 1C4|. 
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c > 0) It follows from Myer's theorem that any complete Einstein manifold of 
positive scalar curvature is necessarily compact. In particular, any complete quater- 
nionic Kahler manifold of positive scalar curvature is compact. It was proven in ||L- 



that for every n > 1 there is only a finite number of such manifolds of dimension An 
up to homothety, cf. ||Beaj| , ||G-S|| , |[L1|| , ||L4|| , |[L5|| , ||P-S|| . The only known examples 



are, up to now, the Wolf spaces [|W1|] . These are precisely the homogeneous quater- 
nionic Kahler manifolds of positive scalar curvature and are all symmetric of compact 
type, cf. ||A2|| . More generally, the Wolf spaces can be characterized as the compact 
quaternionic Kahler manifolds which admit an action of cohomogeneity < 1 by a 
compact semisimple group of isometries and which are not scalar- flat, see |P-S3|| , cf. 

Eg- 

c < 0) Complete noncompact quaternionic Kahler manifolds of negative scalar 
curvature exist in abundance. In fact, it was proven in | |L3|| that the moduli space 
of complete quaternionic Kahler metrics on R"^", > 1, is infinite dimensional. For 
explicit constructions of, in general not complete, quaternionic Kahler manifolds see 
e.g. [^, |G3 and 0. 

What about homogeneous examples? First of all, the noncompact duals of the 
Wolf spaces are symmetric (and hence homogeneous) quaternionic Kahler manifolds 
of negative Ricci and nonpositive sectional curvature. Moreover, like any Rieman- 
nian symmetric space of noncompact type, these manifolds admit smooth quotients 
by discrete cocompact groups of isometries, see |Po||, ||Fi-S||. The first examples of 



quaternionic Kahler manifolds which are not locally symmetric were found by D.V. 
Alekseevsky in |[A3|| . An Alekseevsky space is a homogeneous quaternionic Kahler 
manifold of negative scalar curvature which admits a simply transitive splittable 
solvable group of isometries. It follows from Iwasawa's decomposition theorem that 
the noncompact duals of the Wolf spaces are precisely the symmetric Alekseevsky 
spaces. Besides these there are 3 series of nonsymmetric Alekseevsky spaces, see ||A3|| , 
|dW-VP2[| and ||C2|] . In [|A3|| it was conjectured that any noncompact homogeneous 
quaternionic Kahler manifold admits a transitive solvable group of isometries. This 
conjecture is still open: up to now, the only known examples of homogeneous quater- 
nionic Kahler manifolds of negative scalar curvature are the Alekseevsky spaces. 
However, by the construction presented in this work we obtain many homogeneous 
quaternionic pseudo-Kahler manifolds (with indefinite metric) which do not admit 
any transitive action of a solvable Lie group. Moreover, in |2.6| we construct a family of 
noncompact homogeneous quaternionic Hermitian manifolds (with positive definite 
metric) with no transitive solvable group of isometries. 

It is natural to ask for examples of compact locally homogeneous quaternionic 
Kahler manifolds. The following negative result was proven in ||A-(J4|| . Let M be 
a compact quaternionic Kahler manifold or, more generally, a quaternionic Kahler 
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manifold of finite volume. If the universal cover M is a homogeneous quaternionic 
Kahler manifold then it is necessarily symmetric. In particular, the only Alekseevsky 
spaces which admit smooth quotients of finite volume by discrete groups of isometries 
are the symmetric ones, this was as well proven in [|A-C1|| by a simpler method. 
Additionally, the symmetric Alekseevsky spaces can be characterized by the property 
of having nonpositive curvature, see [|C^ . 

Given a simply transitive Lie group L of isometries acting on a Riemannian ma- 
nifold M, there exists an algorithm to compute the full isometry group of M |[A-W|| , 
cf . ||Wo|| . However, this algorithm involves the covariant derivatives (of all orders) of 
the curvature tensor and hence can only be applied effectively in very simple situ- 
ations. If the simply transitive group L is splittable solvable and unimodular then 
the full isometry group is easily computed, see ||G-W|| . Unfortunately, the splittable 
solvable groups of isometries acting simply transitively on the Alekseevsky spaces are 
not unimodular. For that reason in |[A-C1|| a new algorithm was developed which 
completely avoids the curvature tensor and works also for nonunimodular splittable 
solvable groups. Using it the full isometry group of the nonsymmetric Alekseevsky 
spaces was determined [ A-C1 |. The Lie algebra of the full isometry group was previ- 
ously described by the theoretical physicists de Wit, Vanderseypen and Van Proeyen 
by a different method, see ||dW-V-VP| . 

In the following, we shortly comment on the attention paid to Alekseevsky's spaces 
in the physical literature. There is a concept of special geometry, which evolved in 
the theory of strings and supergravity, see e.g. 0, P-W| , [|dW-VPl|| , jG-S-TI] . More 
specifically, special Kahler geometry is the geometry associated to = 2 super- 
gravity in d = 4 space time dimensions coupled to vector multiplets and was first 

cf. jCT^Fj 



t|, [ |U3|| and |rr|. The (Kuranishi) moduli 



described in 

space of a Calabi-Yau 3-fold bears this particular geometry. Moreover, there is a con- 
struction (the "c-map"), related to Mirror Symmetry, which to any special Kahler 
manifold associates a quaternionic Kahler manifold, see [P-F-G|| and ||F-S|| ; for the 
general framework see [Cr|. Using the c-map, Cecotti [Ce] was the first to relate the 
classification problem for homogeneous special Kahler manifolds to Alekseevsky's 
classification |A3| . In addition, he introduced Vinberg's theory of T-algebras ||V2|| to 
describe the first nonsymmetric homogeneous special Kahler manifolds (the symmet- 
ric special Kahler manifolds were described in terms of Jordan algebras, see ||C-VP 



and ||G-S-'I]| ). Cecotti's classification of homogeneous special Kahler manifolds was 

In 



extended in ||dW-VP^ , ||C3|| and ||A-C5|| . In ||C4|| , the hyper-Kahlerian version of 
the c-map was used to construct a natural (pseudo-) hyper-Kahler structure on the 
bundle of intermediate Jacobians over the moduli space of gauged Calabi-Yau 3-folds. 

In the last part of the introduction we describe the main components, results and 
the global structure of the present paper. The basic algebraic data of our construction 
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are a pseudo-Euclidean vector space V, a module W over the even Clifford algebra 
Ci^{V) and a spin(V^)-equivariant linear map 11 : A'^W — > V. Any such 11 defines 
a Z2-graded Lie algebra p = p(n) = po + pi, where po = Lielsom(V') = o{V) + V 
and pi = W. Here V acts trivially on W and o{V) = spin(V^) acts via the inclusion 
spin(V^) C Cf{V) on the -module W. The Lie bracket on pi x pi is given by H. 



The Lie algebras p(n) were introduced in [|A-C2|| , where a basis for the vector space 



of spin(V^)-equivariant linear maps LI : A W V was explicitly constructed. The 
Lie algebra p(n) is called an extended Poincare algebra of signature (p, g) if = MF''' 
has signature (p, q) . A mirror symmetric version of this construction is obtained re- 
placing n : A'^W ^ by a spin(\^)-equivariant linear map LI : V'^W V. Here 
y'^W = Sym^W denotes the symmetric square of W. The corresponding algebraic 
structure p(H) = po + Pi is now a super Lie algebra. It is called a superextended 
Poincare algebra of signature {p, q). For special signatures (p, q) of space time V these 
super Lie algebras play an important role in the physical literature since the early 
days of supersymmetry and supergravity, see e.g. [|Go-L|| and [P-S|| ; for more recent 
contributions see e.g. and references therein. Notice that if (p, q) = (1, 3) then 
V = M}'^ is Minkowski space and the even subalgebra po = Lie Isom(R^''^) C p(H) 
is the classical Poincare algebra. The construction of all superextended Poincare al- 
gebras (of arbitrary signature) was carried out in |[A-C2|| . In [[A-C-D-S|| the twistor 



equation is interpreted as the differential equation satisfied by infinitesimal automor- 
phisms of a geometric structure modelled on the linear Lie supergroup associated to 



a superextended Poincare algebra (for more on the twistor equation see e.g | K-R | and 
references therein). In contrast with the case of superextended Poincare algebras, to 
our knowledge, extended Poincare algebras do not occur in the physical literature 
before the publication of |[A-C2|| : The first occurrence is |P-L|| . 



Any extended Poincare algebra p(H), as above, admits a derivation D with 
eigenspace decomposition p(H) = o{V) + V + W and corresponding eigenvalues 
(0, 1, 1/2). We can extend p(n) by D obtaining a new Z2-graded Lie algebra g = 
0(n) = 00 + Si, where go = W + po = RD + o{V) + V and gi = pi = W. The 
adjoint representation of the Lie algebra g is faithful and hence defines on g the 
structure of linear Lie algebra. Let G = G(H) C Autg denote the corresponding 
connected linear Lie group. It is the numerator of the homogeneous quaternionic 
manifolds M = M(H) = G/K we are going to construct. To define the denominator 
i^' let C be a 3-dimensional Euclidean subspace and t = i{E) C oiV) C g 
the maximal subalgebra which preserves E, i.e. t = o{E) © o{E-^). Now we define 
K = K[E) C G to be the connected linear Lie group with Lie algebra t. Our main 
theorem is the following, see Thm. § 

Theorem A Let V he any pseudo-Euclidean vector space, E <Z V a Euclidean 
?)- dimensional subspace, W any Cl^iV) -module and H : A'^W — > V any spin(l^)- 
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equivariant linear map. Let M = G/K he the homogeneous manifold associated to 
the Lie groups G = G(JI) and K = K[E) C G constructed above. Then the following 
is true: 

1) There exists a G-invariant quaternionic structure Q on M. 

2) IfUis nondegenerate (i.e. ifW3s^Il{sA-) G Vr*(8)V^ is injective) then there 
exists a G-invariant pseudo-Riemannian metric g on M such that {M,Q,g) is 
a homogeneous quaternionic pseudo-Kdhler manifold. 



We remark that for V = M^''^ and W arbitrary the map 11 can always be chosen such 
that the metric g in 2) becomes positive definite. In this special case we recover the 3 
series of Alekseevsky spaces by a simple and unified construction, which completely 
avoids the technicalities of constructing complicated representations of Kahlerian Lie 
algebras, see ||A3|] and ||C2|| . 



If in all constructions 11 : A'^W ^ is replaced by a spin(\^)-equivariant linear 
map U : V'^W ^ V then we obtain the following analogue of Theorem A in the 
category of super manifolds, see Thm. |1^: 

Theorem B Let V be any pseudo-Euclidean vector space, E G V a Euclidean 
"i- dimensional subspace, W any Ci^{V)-module and U : V'^W V any spin{V)- 
equivariant linear map. Let M = G/K be the homogeneous supermanifold associated 
to the Lie supergroups G = G(n.) and K = K{E) C G constructed in 0. Then the 
following holds: 

1) There exists a G-invariant quaternionic structure Q on M. 

2) IfU is nondegenerate (i.e. ifW 3 s ^-^ n(sV-) G W*^V is injective) then there 
exists a G-invariant pseudo-Riemannian metric g on M such that {M,Q,g) is 
a homogeneous quaternionic pseudo-Kdhler supermanifold. 

(For the definition of quaternionic structure, pseudo-Riemannian metric etc. on a 
supermanifold see the appendix.) 

Furthermore, we remark that replacing Euclidean 3-space E = R^'° by Lorentzian 
3-space E = M^'^ one obtains a para-quaternionic version of our construction. 

Finally, we outline the structure of the paper: In section ^ we discuss extended 
Poincare algebras. The basic definitions and formulas are given in |1 . 1| . To our 
fundamental map 11 : A'^W —>■ V and to an oriented Euclidean subspace E G V, 
dimE = 3 (mod 4), we associate a canonical symmetric bilinear form b on W and 
study its properties in |1.2| . Using the form b, in p..3| we classify extended Poincare 
algebras of signature {p,q), p = <i (mod 4), up to isomorphism. 



7 



In section ^ we construct the homogeneous quaternionic manifolds of Theorem 
A. The basic notions of quaternionic geometry are recalled in \2,.'2\ First, see we 
describe the structure of the Lie group G = Gill) and the coset spaces M = G/K, 
K = K{E), where E G V is any pseudo- Euclidean subspace. The proof of Theorem 
A is given in |2]^. A crucial observation is that M = G/K contains the locally 
symmetric quaternionic pseudo-Kahler submanifold Mq = Gq/K, where Go C G is 
the connected linear Lie group associated to go C = flo + 0i- The first step consists 
in extending the Go-invariant quaternionic and pseudo- Riemannian structures on Mq 
to G-invariant structures on M. Using the canonical symmetric bilinear form b onW 
introduced in |1.2| the pseudo-Riemannian metric is extended, in the nondegenerate 
case, to a G-invariant pseudo-Riemannian metric g on M. The quaternionic structure 
is always extended by the beautifully simple formula (13) to a G-invariant almost 
quaternionic structure Q on M. To prove that Q is a quaternionic structure, we 
construct a G-invariant torsionfree connection V on M which preserves Q. In the 
nondegenerate case V is simply the Levi-Civita connection of the pseudo-Riemannian 
metric g. We use the description of invariant connections on homogeneous manifolds 
in terms of Nomizu maps, see |27 



Then we concentrate on the Riemannian case, see |2.5| . The Riemannian manifolds 
M(n) are classified up to isometry using results of |l]3|. We show that all these ma- 
nifolds admit a non-Abelian simply transitive splittable solvable group of isometrics 
and hence are Alekseevsky spaces, see Thm. ^. Moreover, we explain how to obtain 
the 3 series of Alekseevsky spaces by specifying V, W, and 11, see Thm. |10. 

The quaternionic pseudo-Kahler manifolds {M{Il),Q,g) of Theorem A do not 
admit any transitive action of a solvable group if V = MF''^ with p > 3, see Thm. 



T2\ Moreover, if g = 0, then we can replace g hj a G-invariant Riemannian and Q- 
Hermitian metric h such that (M(n), h,g) are homogeneous quaternionic Hermitian 
manifolds with no transitive solvable group of isometrics, see Thm. |TT]. 

In section |] we study the various bundles associated to the quaternionic mani- 
folds M = M(n) = G/K: The twistor bundle Z{M), the canonical S0(3)-principal 
bundle S{M) and the Swann bundle U{M). We show that G acts transitively on 
Z{M) and S{M) and with cohomogeneity one on U{M). In particular, Z = Z{M) is 
a homogeneous complex manifold of the group G = G(n). We exhibit a G-invariant 
holomorphic tangent hyperplane distribution V on Z and prove that V defines a 
complex contact structure on Z if and only if 11 is nondegenerate. Moreover, we 
construct an open G-equivariant holomorphic immersion Z ^ Z of Z into a homoge- 
neous complex manifold of the complex algebraic group G^ C Aut(0^), see Thm. 03. 
This immersion is a finite covering over an open G-orbit. In the nondegenerate case 
Z is a homogeneous complex contact manifold of the group G^ and the immersion 
is a morphism of complex contact manifolds. 
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In the final section ^we extend our construction to the category of supermanifolds, 
proving Theorem B. We have aimed at a straightforward presentation, summarizing 
the needed supergeometric background in the appendix. 
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1 Extended Poincare algebras 
1.1 Basic facts 

Let be a pseudo-Euclidean vector space with scalar product (■,■). There exists 
an orthonormal basis (e^), i = 1, . . . ,n = dim\^ = p + q, of V such that {x, x) = 
Yd=i{x^)^ — J2j=p+i{x'')^ for all X = x^Ci G V. Any such basis defines an isometry 
between V and the standard pseudo-Euclidean vector space M^''' of signature {p,q)- 
The isometry group of V is the semidirect product 

Isom(\/) = 0{V):kV. 



Definition 1 The Lie group P{V) := Isom(\^) is called the Poincare group ofV. 
Its Lie algebra p{V) = o{V) + V is called the Poincare algebra of V . 

Next we recall some basic facts concerning the Clifford algebra Ci{V) = Ci^{V) + 
Ci^{V), see |[L-M|| . Any unit vector x {x,x) = ±1, defines an invertible element 



X G Ci{V). The group Pin(l^) C Ci{V) generated by all unit vectors is called the 
pin group. Its subgroup Spin(l^) := Pin(l^) r\Ci^{V) consisting of even elements is 
called the spin group. The adjoint representation 

Ad : Pin(y) — > 0{V) , 

Ad{x)y = xyx^^ & V , x G Pin(\^) , y E V , 
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induces a two-fold covering of the special orthogonal group: 



Spm{V) ^ SO{V) . 

In fact, if G OiV) denotes the reflection in the hyperplane X'^ G V orthogonal to 
a unit vector x E V then the following formula 

Ad{xy) = r^ory (1) 

holds for any two unit vectors x,y G V. The groups Pin(y) and Spin(l^) are Lie 
groups whose Lie algebra is the Lie subalgebra 5pin(y) C Ci'^iV) generated by the 
commutators [x, y] = xy — yx of all elements x,y E V. It is canonically isomorphic 
to the orthogonal Lie algebra o{V) via the adjoint representation 

ad = Ad^ : 5pin(\^) ^ o(V") , ad{x)y = [x,y], x e spin{V) , y eV . (2) 

In fact, if we identify A'^V = o{V) by 

{x Ay){z) := {y,z)x- {x,z)y, x,y,zeV (3) 

then ad"^ : A'^V = o{V) spin{V) is given by the following equation: 

ad'^{x Ay) = -^[x,y], x,yeV. (4) 

In particular, ad(x?/) = —2x A y if x and y are orthogonal. 

Any C?(\^)-module W can be decomposed into irreducible submodules. Depen- 
ding on the signature (p, q) of V, there exist one or two irreducible C?(V")-modules up 
to equivalence. In case there are two, they are related by the unique automorphism 
of Ci{V) which preserves V and acts on V as —Id. The restriction of an irreducible 
Ci?(K)-module S to C?°(V^) (respectively, to Spin(V^) and spin(l^)) is, up to equiva- 
lence, independent of W and is called the spinor module of C£^{V) (respectively, 
of Spin(V^) and spin(K)). The spinor module S is either irreducible or S = (B S~ 
is the sum of two irreducible semispinor modules S^, which may be equivalent 
or not, depending on the signature of V. If S'^ and S" are not equivalent, they are 
related by an automorphism of Ci^{V) which preserves V and acts as an isometry 
on V. In the following we will freely use standard notations such as Cip^g = C£{MF''^), 
Spin(p, q) = Spin(RP'''), Spin(p) = Spin(p, 0) etc., cf. [[C^ . 

Now let W he a. module of the even Clifford algebra Ci'^iV) and 11 : A'^W ^ V a. 
spin(l^)-equivariant linear map. Given these data we extend the Lie bracket on piV) 
to a Lie bracket [■, ■] on the vector space p(V^) + Whj the following requirements: 
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1) is a p(V)-submodule with trivial action of V and action of o{V) defined by 
ad"^ : o(y) ^ spin{V) C a"{V), see equation (D, 



2) [s, t] = n(s A t) for all s,teW. 

The reader may observe that the Jacobi identity follows from 1) and 2). The resulting 
Lie algebra will be denoted by p(n). Note that p = p(n) has a Z2-grading 

p = Po + pi, Po = p(V), pi = W, 

compatible with the Lie bracket, i.e. [pa,p6] C pa+b, a, 6 G Z2 = Z/2Z. In other 
words, p(n) is a Z2-graded Lie algebra. 

Definition 2 Any 'E2-graded Lie algebra p(n) = p{V) + W as above is called an 
extended Poincare algebra (^0/ signature {p,q) if V = W''^). p(n) is called 
nondegenerate ifU is nondegenerate, i.e. if the map W 3 s ^ Tl{s A ■) G W* ® V 
is injective. 



The structure of extended Poincare algebra on the vector space p(V^) + W is 
completely determined by the o(K)-equivariant map 11 : A^W V (o(V^) acts on W 
via ad~^ : o{V) — >■ spin(V^) C Ci^{V)). The set of all o(V^)-equivariant linear maps 
A'^W ^ V is naturally a vector space. In fact, it is the subspace {A'^W* ® V)"^^^ of 
o(l^)-invariant elements of the vector space A'^W* ®V oi all linear maps A'^W V. 
In the classification ||A-C2|] an explicit basis for the vector space (A'^W* ® V)°^'^^ 
of extended Poincare algebra structures on piV) + W is constructed for all possible 
signatures {p,q) of V and any C?°(\^)-module W. 



1.2 The canonical symmetric bilinear form b 

Let V = MF''' be the standard pseudo-Euclidean vector space with scalar product 
(•, •) of signature (p, q). From now on we fix a decomposition p = p' + p" and assume 
that p' = 3 (mod 4), see Remark 2 below. 

Remark 1: Notice that p and q are on equal footing, since any extended Poincare 
algebra of signature {q,p) is isomorphic to an extended Poincare algebra of signature 
{p, q). In fact, the canonical antiisometry which maps the standard orthonormal basis 
of M'^'^ to that of M^''^ induces an isomorphism of the corresponding Poincare algebras 
which is trivially extended to an isomorphism of extended Poincare algebras. 

We denote by (cj) = (ei, . . . , Cp/) the first p' basis vectors of the standard basis 
of V and by (e^) = (e'^, . . . , 6^//^^) the remaining ones. The two complementary 
orthogonal subspaces of V spanned by these bases are denoted hy E = W = W '° 
and E' = E-^ = MF ''^ respectively. The vector spaces V, E and E' are oriented 
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by their standard orthonormal bases. E.g, the orientation of Euchdean p'-space E 
defined by the basis (cj) is A ■ ■ ■ A e*/ G N^' E* . Here (e*) denotes the basis of E* 
dual to (cj). Now let p(n) = ^{V) + be an extended Poincare algebra of signature 
(p, q) and (cj) any orhonormal basis of E. Then we define a M-bilinear form &n,(ei) 
on the C?°(V^)-module Why. 

6n,(e,)(s,t) = (ei, [e2 . . .ep/s,t]) = (ei,n(e2 . . . Cp/s A i:)) , s,t . (5) 

We put h = 6(n) := bu,{ei) for the standard basis (cj) of 

Remark 2: Equation (§) defines a skew symmetric bilinear form on W if p' = 1 
(mod 4). For even p' the above formula does not make sense, unless one assumes 
that is a Ci{V)-modu\e rather than a C?°(V^)-module. Here we are only interested 
in the case p' = 3 (mod 4). Moreover, later on, for the construction of homogeneous 
quaternionic manifolds we will put p' = 3. 

Theorem 1 The bilinear form b has the following properties: 

1) bn,(ei) = ±b if ei A ■ ■ ■ A Cp' = ±ei A ■ ■ ■ A Cp/. In particular, &n,(ei) = b for any 
positively oriented orthonormal basis (e,) of E. 

2) b is symmetric. 

3) b is invariant under the maximal connected subgroup K{p',p") = Spin(p') • 
Sping(p",g) C Spin(p, g) which preserves the orthogonal decomposition V = 
E + E' (and is not SpinQ(p, q) -invariant, unless p" + q = 0). 

4) Under the identification o{V) = A'^V = A'^E + A'^E' + E A E' , see equation 

the subspace E A E' acts on W by b-symmetric endomorphisms and the 
subalgebra A^E © A^E' = o{p') © o{p",q) acts on W by b-skew symmetric en- 
domorphisms. 

Proof: Obviously 4) ^3). We show first that 3) ^ 1). If (cj) is a positively oriented 
orthonormal basis then there exists (p G Spin(p') such that Ad{ip)ei = ii, i = 1, . . . ,p' . 
Now H = [-, ■]! A^ : A'^W ^ V is spin(l^)-equivariant and hence equivariant under 
the connected group Sping(\^) C Spin(\/). In particular, H is Spin(p')-equivariant. 
Under the condition 3), this implies that 

b{s,t) = b{ip'^s,ip'H) = {ei,[e2. . .ep^(p~'^s,(p'H]) 
= (ei, [v9"^Ad<^e2 . . . Ad<^ep'S,v2"^t]) 
= (ei, Ad(v3"-^)[e2 . ..ep>s,t]) = (ei, [e2 . ..ep>s,t]) 

= bu,{ed^,t), S,teW. 
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Here we have used the notation Ad^ = Ad{(f). The case of negatively oriented 
orthonormal basis (cj) follows now from the Clifford relation eiCj = —ejii, i ^ j- 

Next we prove 2) using first the spin(l^)-equivariance of 11 then equation (^) and 
eventually p' = 3 (mod 4): 

h{t,s) = {ei,[e2. . .epd,s]) 

= -(ei, [e^. . .Cpd, 62633]) + (ei,ad(e2e3)[e4. . .ep/t,s]) 
= -{61, [64... 6pd, 6263s]) = ■ ■■ = -(ei, [t, 62... 6p>s]) 

= {6i,[62. . .6p>S,t]) = b{s,t) . 

Finally we prove 4). By equation (|D we have to check that ejej,e'^ej G spin(y) 
{i 7^ j and k ^ I) act by 6-skew symmetric endomorphisms and CjC^ by a 6-symmetric 
endomorphism on W. This is done in the next computation, in which we use again 
the equivariance of 11 and equations (|I|) and to express the adjoint representations 
Ad and ad respectively: 

b{6i62S, t) = (d, [62... Cp/eicas, t]) = (d, [616262 ■ ■ ■ 6p>s, 61636162^]) 

= (ei, Ad(eie2)[e2 • . .6p'S,6i62t]) = -(ei, [62... 6p'S,6i62t]) 

= -b{s,6i62t), 

6(62635, t) = (61, [62 . . .6p/6263S,t]) = (61, [626362 . . .6p/S,t]) 

= (6i,ad(6263)[62. . .6p/S,t]) - (61, [62 • • • 6p/S, 6263)^] ) 

= -6(s,6263t), 

^(4ejs, t) = (61, [62 . . . ep'6fc6;s, t]) = (61, [ej,6i62 . . . 6p>S, t]) 

= -(6i,[62...6p/S,6'fc6;t]) + (6i,ad(6'fc6;)[62...6p/S,t]) 

= -b{s,6',6[t)+0 = -b{s,6Wlt). 

This already proves 3) and hence 1); in particular we have: 

^n,{ei,e2,.--,ep/) — ^n,{e2,.--,ep/,ei) • 

Due to this symmetry, it is sufficient to check that 626^ acts as 6-symmetric endo- 
morphism on W: 

6(626fcS, t) = (61, [62 . . . 6p/626fcS, t]) = (61, [63 . . . 6p/6fcS, t]) 
{*) 

= -(ei, [S, 63 . . . 6p>6'f.t]) = -(61, [S, 62 . . . ep'626'^t]) 

= (61, [62 . . . 6p>626'i,t, s]) = &(626^t, s) 

= b{s, 626'f,t) . 

At (*) we have used {p' — l)/2 times the spin(l^)-equivariance of 11 and the fact that 
{p' - l)/2 is odd if p' = 3 (mod 4). □ 
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Definition 3 The bilinear form b = b{]l) = 6n,(ei,...,ep,) defined above is called the 
canonical symmetric bilinear form on W associated to the sp\n{V)-equivariant 
map U : A'^W ^ V = MF''^ and the decomposition p = p' + p" . 

Proposition 1 The kernels of the linear maps U : W ^ W* ® V and b = &(n) : 
W W* coincide: kerll = kerb. 

Proof: It follows from Thm. 4) that Wq := kerb G W is o(y)-invariant. This 
implies that n(l^o A C is an o(K)-submodule. The definition of Wq implies 
that U{Wo AW) C E' = and hence by Schur's lemma n{Wo AW) = 0. This 
proves that ker b C ker 11. On the other hand, we have the obvious inclusion ker 11 C 
ker (6 o 62 . . . Cp/) = ker b. Here the equation follows from the Spin(p')-invariance of b, 
see Thm. |, 3). □ 

Corollary 1 p(n) is nondegenerate (see Def. ^ if and only ifb{U) is nondegenerate. 

Theorem 2 Let p(n) = p{V) + W be any extended Poincare algebra of signature 
{p, q), p = p' +p" , p' = 3 (mod 4), and b the canonical symmetric bilinear form as- 
sociated to these data. Then there exists a b-orthogonal decomposition W = ©-iJfPVi 
into Cl^{y)-submodules with the following properties 

1) [Wo, W] = 0, [Wi, Wj] = ift^j and [Wi, Wi] = V for all i = 1,2, ... , I. 

2) Wq = kerb and Wi is b-nondegenerate for all i > 1. 

3) Fori = 1, . . . ,1 the C£^(y)-submodule Wi is irreducible and for j = / + !,...,/ + 
m the Cl^{y)-submodule Wj = Xj © Xj is the direct sum of two irreducible b- 
isotropic Cl^{y)-submodules. 

4) The restriction of b to a bilinear form on any irreducible Ci^{V)-submodule of 
X = ®^jtIiXi^j vanishes. 

Proof: By Prop. [l|, Wq := ker 6 = ker 11 satisfies [Wq, W] = 0. As kernel of the o(V^)- 
equivariant map IT the subspace Wq is o(V^) -invariant and hence a C^°(V^)-submodule. 
We denote by W' a complementary C£°(V^)-submodule. Every such submodule is b- 
nondegenerate. Let Wi C W' be any irreducible C£°(V")-submodule. By Thm. |l|, 4), 
ker(6|iyj x Wi) is o(F)-invariant and hence a C?'°(y)-submodule. Now by Schur's 
lemma we conclude that either b\Wi x Wi = or 6 is nondegenerate on Wi. In 
particular, we can decompose W' = Q)l=iWi © X as direct 6-orthogonal sum of b- 
nondegenerate C?°(K)-submodules such that Wi is irreducible and the restriction 
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of 6 to a bilinear form on any irreducible C?°(y)-submodule of X vanishes. Let 
Y, Z G X he two such submodules, Y Z. The bilinear form b induces a linear 
map Y ^ Z*. By Thm. ^ 4), the kernel of this map is o(\^)-invariant and hence 
a C?''(y)-submodule. Now Schur's lemma implies that either the kernel is Y and 
hence the restriction of 6 to a bilinear form on Y (B Z vanishes or the kernel is 
trivial and b is nondegenerate on Y (B Z. In the second case X splits as direct 
6-orthogonal sum: X = (Y ® Z) ® (Y ® Z)^. This shows that X = ®^itT+i^i 
is the direct orthogonal sum of 6-nondegenerate Ci?°(V^) -submodules Wi such that 
Wi = Xi Q) X'- is the direct sum of two 6-isotropic irreducible submodules. This 
proves 2), 3) and 4). Now 1) is established applying Schur's lemma to the o(V^)- 
equivariant map 11. In fact, b(Wi,Wj) = (respectively, b{Wi,Wi) ^ 0) implies 
n(IVi A Wj) C E' (respectively, n(AWi) 0) and thus \Wi, Wj\ = U{Wi A Wj) = 
(respectively, [Wi,Wj] = U{A'^Wi) = V). □ 

Next we will construct the subgroup K{p',p") C Spin(p, g) which consists of all 
elements preserving the orthogonal decomposition V = E + E' and the canonical 
symmetric bilinear form b on W. Its identity component is the group K{p',p") C 
Spiugd), q) introduced above. We will see that if p" = then K{p',p") = K{p, 0) is a 
maximal compact subgroup of Spin(p, g), which together with the element 1 G Cip^ 
generates the even Clifford algebra Cip^. This property will be very useful in the 
next section. 

We denote by x i— *• x' the linear map = M'''^ M°''' which maps the standard 
orthonormal basis (ci, . . . , e^) of M.'^ to the standard orthonormal basis (e'^, . . . , e^) 
of ]R°'''. It is an antiisometry: {x',x') = —{x,x). Let cUpi = ei . . . e^/ be the volume 
element of dpi = Cip^^, (ei, . . . , Cp/) the standard orthonormal basis of W = '° c 
R^'''. Note that, since p' is odd, the volume element Up/ commutes with MF and 
anticommutes with MF '"^ D R"''. Moreover, it satisfies Up, = 1, due to p' = 3 
(mod 4). 

Lemma 1 The map 

R'^ 3x^ Up.x' e a" g 

extends to an embedding t : Ciq ^ Cip ^ of algebras, which restricts to an embedding 
t|Pin(g) : Pin(g) ^ Spin(p, g) of groups. 

Proof: It follows from (cUp/x')^ = —ujp,x''^ = — x'^ = (x',x') = — (x, x) that the map 
X I— > Up'x' extends to a homomorphism l of Clifford algebras. Recall that Cig is either 
simple or the sum of two simple ideals. In the first case, we can immediately conclude 
that ker t is trivial and hence l an embedding. In the second case, the two simple 
ideals of Cig are Ci^ := (1 ± Ljg)Cig, where Ug = ci . . . Cg is the volume element of 
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Clq. Now it is sufficient to check that l{1 ± ojq) ^ 0. Using the fact that q is odd if 
C^q is not simple we compute 

L(uq) = ±ujl,e[e2 . . .e'q = ±6162 . . . ep'e[e'2 . . . . 

This shows that l{1 ± Uq) = 1 ± i{ujq) 7^ 0. □ 

We denote by K{p',p") C Spin(p, g) the subgroup generated by the subgroups 
Spin(p') • SpinQ(p",g) C Spin(p, g) and t(Pin(g)) C Spin(p, g). 

Theorem 3 The group K{p',p") has the following properties: 

1) K{p',p") C Spin(p, g) consists of all elements preserving the orthogonal de- 
composition V = E + E' and the canonical symmetric bilinear form b on 
W. Its identity component is the group K{p',p") = Spin(p') • SpinQ(p",g) = 
K{p',p") n Spino(p, g). 

2) The homogeneous space Spin{p,q)/K{p',p") is connected. 

3) K{p',p") is compact if and only if q = or p" = (and hence p = p'). In the 
latter case K{p',p") = K{p,0) = Spin(p) ■ 6(Pin(g)) C Spin(p, g) is a maximal 
compact subgroup and K{p,0) = (Spin(p) xPin(g))/{±l}. Finally, in this case, 
the even Clifford algebra Ci^^ is generated by 1 and K{p,0). 

Proof: The ffist part of 1) can be checked using Thm. |l], 4) and imphes the second 
part of 1). To prove 2) it is sufficient to observe that i(Pin(g)) = Pin(g) has nontrivial 
intersection with all connected components of Spin(p, g) (due to our assumption p > 3 
there are two such components if g 7^ 0). The first part of 3) now follows simply from 
the fact that SpinQ(p",g) is compact if and only if p" = or g = 0. The compact 
group K{p, 0) C Spin(p, g) is maximal compact, because it has the same number of 
connected components as Spin(p, g), and from Spin(p) fl i(Pin(g)) = {±1} we obtain 
the isomorphism K{p,0) = Spin(p) • t(Pin(g)) = (Spin(p) x Pin(g))/{±1}. Finally, 
to prove the last statement, one easily checks that K{p, 0) contains all quadratic 
monomials xy in unit vectors x,y E W'^ U M^'''. □ 

Corollary 2 The correspondence 11 ^ b{I\) defines an infective linear map {/\^W*® 

vy'y) (vW*)^(p''p"). 

Proof: The existence of the map follows from Thm. ^ We prove the injectivity. 
From 6(n) = it follows that n(A^iy) C E' and hence by Schur's lemma 11 = 0. □ 
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1.3 The set of isomorphism classes of extended Poincare al- 
gebras 

Starting from the decomposition proven in Thm. ^ we will derive the classification of 
extended Poincare algebras of signature (p, <?), p = 3 (mod 4), up to isomorphism. 
It will turn out that the space of isomorphism classes is naturally parametrized by a 
finite number of integers. We fix the decomposition p = p' + p", p' = p, p" = 0, and 
for any extended Poincare algebra p(n) of signature {p,q) as above we consider the 
canonical symmetric bilinear form b = &n,(ei,...ep)- 

Theorem 4 Let p(n) = p{V) + W be any extended Poincare algebra of signature 
{p,q), p = S (mod 4). Then there exists a b-orthogonal decomposition W = ©'=0^* 
into Ci^{V)-submodules with the following properties 

1) [Wo.W] = ^, [W,,W,] = zf I J and[W,,W,] = Vforallz = l,2,...,l. 

2) = kerb and Wi is b-nondegenerate for all i > 1. 

3) Wi, i > 1, is an irreducible Ci^ {V) -submodule on which b is (positive or nega- 
tive) definite. 

Proof: Let W = ©'i^PVj be a decomposition as in Thm. ^. It only remains to prove 
that b is definite on PVj for i = 1, . . . , Z and that X = ©-t^iPVi = 0. This follows 
from Lemma ^ and Lemma |^ below. □ 

Lemma 2 The restriction of an irreducible Ci^ ^-module to a module of the maxi- 
mal compact subgroup K = K{p,0) = Spin(p) ■ i(Pin(g)) C Spin(p, g) is irreducible. 
Here l : Pin(p) ^ Spin(p, g) is the embedding of Lemma\^. Moreover, S is irreducible 
as module of the connected group K = K{p,0) = Spin(p) ■ 6(Spin(g)) = Spin(p) • 
Spm{q) if and only if n = p -\- q = 2,4,5 or 6 (mod 8). If n = 0,1, 3 or? (mod 8) 
then S is the sum of two irreducible K-submodules. 

Proof: Recall that Clp^q = Cip^Cio^g is (identified with) the Z2-graded tensor pro- 
duct of the Clifford algebras dp = Cip^ and C£o,g- It is easily checked, using the 
classification of Clifford algebras and their modules, see |[L-M |, that any irreducible 



C£p g-module S is irreducible as module of the subalgebra dp ® CEq ^ C C^^ , 
Cfp0 Ci^ g + Cfp O C£l ,j if = 2,4,5 or 6 (mod 8) and is the sum of two irre- 
ducible submodules if n = 0, 1, 3 or 7 (mod 8). Now Lemma |] follows from the fact 
that dp ® CiQ g (respectively, Cip g) is the subalgebra of Cip^q generated by 1 and 
K = Spin(p) ■ Spin(0, g) (respectively, by 1 and K = Spin(p) ■ i(Pin(g))). □ 
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Lemma 3 A Ci^ ^-module W is irreducible if and only if it is irreducible as module 

of the maximal compact subgroup K C Spin(p, g). In this case (y'^W*)^ is one- 
dimensional and is spanned by a positive definite scalar product on W . Let W be 
an irreducible Cip^-module and U : A'^W —>■ V be any o{V)-equivariant linear map. 
Then either 11 = or 6(11) is a definite K -invariant symmetric bilinear form. 

Proof: The first statement follows from Lemma ^ Since K is compact there exists a 
positive definite ii'- invariant symmetric bilinear form on W . From the irreducibility 
of W we conclude by Schur's lemma that {y'^W*)^ is spanned by this form. Now the 
last statement is an immediate consequence of Cor. ^. □ 

Lemma 4 Let W be a C£^{V)-module and U : A'^W —>■ V an o{V)-equivariant linear 
map such that b = 6(11) is nondegenerate. Suppose that = S © S' zs the direct 
sum of two irreducible submodules S and S'. Then there exists a b-orthogonal decom- 
position ly = Si © E2 into two b-nondegenerate (and hence b-definite by Lemma^ 
irreducible submodules Si and S2. 

Proof: It is sufficient to show that W contains a 6-nondegenerate irreducible Ci^{V)- 
submodule Si. Then S2 := S;j'- is a 6-nondegenerate i^'-submodule. It is also a 
C£°(F)-submodule, because the algebra Ci'^{V) is generated by 1 and K, and it is 
irreducible since the C?°(\^)-module W is the direct sum of only two irreducible sub- 
modules. If W does not contain any 6-nondegenerate irreducible C£''(\^)-submodule 
Si then, by Schur's lemma, the restriction of 6 to a bilinear form on any irreducible 
Ci^ {V)-submodu\e vanishes. In the following we derive a contradiction from this 
assumption. Since the bilinear form b is nondegenerate it defines a nondegenerate 
pairing between the 6-isotropic subspaces S and S'. Due to the JC-invariance of b 
(Thm. ^ 6 : S' ^ S* is a fT-equivariant isomorphism. On the other hand S* = S as 
irreducible modules of the compact group K. This shows that S and S' are equivalent 
as i^-modules and thus as C£°(V') -modules, because the algebra Ci^{V) is generated 
by 1 and K. Hence there exists a C£°(l^)-equivariant isomorphism 9? : S ^ S'. We 
define two i^-invariant bilinear forms /5± on S by: 

/3±{s, t) := b{^{s),t) ± 6(^(t), s) , s, t G S . 

(3+ is symmetric and (3- is skew symmetric. If /5+ 7^ then it is a definite i^-invariant 
scalar product on S, since S is an irreducible module of the compact group K. So 
for s G S — {0} we obtain 

^ (3+{s, s) = 6(^(s), s) + bis, ifis)) = bis + ifiis), s + ifis)) . 

This implies that the irreducible C£°(l^)-submodule S^ := {s + (pis)\s G S} C TV is 
6-definite, which contradicts our assumption. We conclude that /3+ = and hence 



18 



/?_ = 26 o is a ^-invariant symplectic form on S. Let (3 he a i^- invariant positive 
definite scalar product on E (sucli scalar products exist since K is compact). We 
define a i^'-equivariant isomorphism x : S ^ S by the equation 

Then ip := ip o x '■ ^ ^ T,' is a i^-equivariant and hence C£°(l^)-equivariant isomor- 
phism. Using /3+ = 0, we compute for s G S — {0}: 

+ + = b{ij{s),s) + bis,ijis)) = biij{s),s)-b{ipis),xis)) 

As above, this implies that W contains a 6-definite irreducible Ci?°(V^)-submodule 
= S contradicting our assumption. □ 



Theorem 5 jlT^/ Let V = M^'", p = 3 (mod 4). IfW is an irreducible Cf{V)- 
module then 

diui{A^W* ® Vf^^^ = 1 . 
Proof: Cor. |2| and Lemma. || show that dim(A^iy* ® vy^^'^ < 1. On the other 



hand, there exists a nontrivial o(V^)-equivariant linear map /\^W —>■ V, see ||A-C2|| , 
and hence dim(AW* (g) V^^^^ > 1. This proves that dim(AW* O Vy^^^ = L □ 

Next, in order to parametrize the isomorphism classes of extended Poincare alge- 
bras p(n) = p(V^) + iy we associate a certain number of nonnegative integers to p(n). 
Let us first consider the case when there is only one irreducible C£''(l^) -module S up 
to equivalence. Then W is necessarily isotypical and, due to Thm. ^ there exists 
a 6-orthogonal decomposition W = Wo © ®\=iWi with Wo = kerb = kerll = loT, 
and irreducible C?'°(V^)-submodules Wi = E for i = 1, . . . , / on which b is definite. 
We denote by /+ (repectively /_) the number of summands Wi on which b is positive 
(respectively, negative) definite. Note that the triple {lo,l+,l-) does not depend on 
the choice of decomposition. 

Theorem 6 Let p = 3 (mod 4) and q ^ 3 (mod 4) . Then the isomorphism class 
[p(n)] of an extended Poincare algebra p(n) of signature {p,q) is completely deter- 
mined by the triple (/q, /+,/_) introduced above. We put p{p,q,lo,l+,l^) := [p(n)]- 
Then p{p, q, Iq, /+, l_) = p{p, q, I'q, if and only if Iq = I'q and {/+, I-} = 

Proof: If p = 3 (mod 4) then there is only one irreducible C£p ^-module S up 
to equivalence if and only if g ^ 3 (mod 4). Let p(n) = p{V) + W and p(n') = 
p(\^)+iy be two extended Poincare algebras of signature (p, q) with the same integers 
/o = /o(n) = /o(n'), 1+ = /+(n) = /+(n') and /_ = /_(n) = Z_(n'). Then the modules 
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W and W are equivalent and we can assume that W = W = Wq © ©i=i^^^~W^i is 
a decomposition as above. In particular, it is b{lVj- and 6(n')-orthogonal, b{Il) and 
fe(n') are both positive definite or both negative definite on Wi for i > 1, II{WqAW) = 
H'iWoAW) = 0, U{WiAWj) = U'iWiAWj) = if i ^ j and U{A^W^) = U'{A^W,i) = 

if 2 > 1. So the maps 11 and 11' are completely determined by their restrictions 
Hi := n| IVi ^ and := n'l ^ (i > 1) respectively. By Thm. | 

= Ajllj {i > 1) for some constant Aj G M*. Now b = b(n.) and b' = 6(11') are both 
positive definite or both negative definite on Wi and hence Aj = /i^ > 0. Now we 
can define an isomorphism ip : p(Jl) p(n') by (y9|p(l^) + Wq = Id and ip\Wi = /ijd. 
This shows that the integers (/q, i+J-) determine the extended Poincare algebra 
p(n) of signature (p, g) up to isomorphism. The Z2-graded Lie algebras p(Jl) and 
p(— n) are isomorphic via a : p(n) — * p(— n) defined by: q;|o(V") + W = Id and 
a\V = —Id. This proves p{p,q,lo,l^,l^) = p{p,q,lo,l_,l^). It remains to show 
that p{p,q,lo,l+,l^) = p{p,q,l'Q,l'_^,l'_) implies Iq = /[, and {/+,/_} = Let 
p(n) = piV) + W e Pip, q, lo, l+, 1-) and p(n') = p(V^) + W' e Pip, q, l'„ be 
representative extended Poincare algebras and W = Wq © ©'=iVFj (/ = /+ + /_) a 
decomposition as above. We assume that there exists an isomorphism ip : p(n) — > 
p(n') of Z2-graded Lie algebras, i.e. ^ppiV) = piV) and ipW = W. The automorphism 
V^IP(^) preserves the radical V and maps the Levi subalgebra o(V^) to an other 
Levi subalgebra of p(V^). Now by Malcev's theorem any two Levi subalgebras are 
conjugated by an inner automorphism, see |P-V|| . So, using an inner automorphism 
of p(n), we can assume that ^poiV) = oiV). The subalgebra V'(o(p) © o(g)) C 
o(y) is maximal compact (i.e. the Lie algebra of a maximal compact subgroup of 
OiV) = 0(p, g)) and hence conjugated by an inner automorphism to the maximal 
compact subalgebra o(p) © o(g) C oiV). So, again, we can assume that ip preserves 
o(p) © o(g). Moreover, since p ^ q any automorphism of o(p) © o(g) is inner and 
we can assume that V'|o(p) © o(g) = Id. From the fact that ip is an automorphism 
of p(V^) we obtain that := ip\V G GL(V^) normalizes oiV) and o(p) © o(g). This 
implies G 0(p) x 0(g), in particular, i^W = W and ^R^'" = Using an mner 
automorphism of p(n) we can further assume that ip\W = e(v9)Id, eiip) G {+1, — 1}, 
and hence v^|o(p) = Ad0|o(p) = Id. This implies that y^jiy is Spin(j9)-equivariant. 
Now we can compute 

b'iips,ipt) = {ei,[e2. . .epips,ipt]) = {ei,[ipe2. . .epS,ipt]) 
= {ei,ip[e2. . .epS,t]) = e(v9) (d, [ea . . . e^s, t]) 
= eiip)bis,t), s,teW. 

Put W- := ipWi. Then, since ip*b' = e((/?)6, we obtain a ^'-orthogonal decomposition 
W' = W^® ©f=iW^' il' = l'+ + I'-) as above; = keiW = /^E, W^' = S (i > 1) etc. 
This shows that Iq = Iq, = l± if eiip) = +1 and = l:^ if eiip) = — 1. □ 
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Now we discuss the complementary case p = q = 3 (mod 4). In this case, 
the spinor module S of C£°(V") is the sum 5'+ © 5*" of two irreducible inequivalent 
semispinor modules S'^ and S~ and any irreducible Ci^{V)-m.odvle is equivalent to 
or S~. As Spino(\/)-modules, S+ and S~ are dual: = (3+)*. Let p(n) = p{V)+W 
be an extended Poincare algebra of signature {p, q) as above. Thanks to Thm. ^ there 
exists a 6-orthogonal decomposition W = Wq © ©'=iM/j as above with the following 
6-orthogonal refinements: Wq = © Wq , = IqS^, and ©-^il^i = ©-=1^/^"^ © 
®i=iW~, = S"^. We denote by (respectively, /I) the number of submodules 
Wl, i = 1, . . . , on which b is positive (respectively, negative) definite, e G {+, — }. 
So to p(n) we have associated the nonnegative integers (/q", l^JtJo J+J-)- 

Theorem 7 Lei p = q = 3 (mod 4). T/ien t/ie isomorphism class [p(n)] of an 
extended Poincare algebra p(Jl) of signature {p,q) is completely determined by the 
tuple {Iq J^JtJo J^jz) introduced above. We put p(p, g, /q, /l) := 

^^S'^}^ ■ . '^^'^y^?' ^o"' ^0 ' " p*^^' ^~+' ' ^~+' ^-^ "'^^ ^'^^^ ^-^ 

{Iq, It, Iqj ^+5 ^ r(/(j', Zl, /q , /z), where F = Z2 x Z2 zs t/ie gro'u;) genera- 
ted by the following two involutions: 

and 

{Iqi ^0 ' '""^ (^0 ' ^o"' ^+5 • 

Proof: The proof uses again Thm. ^ and Thm. |^ and is similar to that of Thm. 
Therefore, we explain only the reason for the appearance of the second involution. In 
terms of the standard basis (ei, . . . , e^, e'^, . . . , e^) of = W'"^ we define an isometry 
G SO(p) X 0(g) by: 0ei := ei, 0ej := — Cj (i > 2) and 0e^- = — e^- (j > 1). Then 
Ad^ G Autp(\^) induces an (outer) automorphism of oiV) interchanging the two 
semispinor modules. Let {piV) + VF, [■, ■]) G p(p, g, /(J", /]{^, Z^, /g , /Z) be an extended 
Poincare algebra of signature (p, g). Then we define a new extended Poincare algebra 
(p(\/) + W, [-, ■]') G p(p, g, , /Z, /o+, IX. It) by: 

[■,■]':=[■,■] on A^p{y)®h'W®VAW 

and 

:= [Ad<^(A),s] for Aeo{V),seW . 

The two Z2-graded Lie algebras are isomorphic via ip : {piV) + W, [■,■]) ^ (p(V^) + 
W, [-, ■]') defined by: v\p{V) = Ad^ and ip\W = Id. □ 
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2 The homogeneous quaternionic manifold (M, Q) 
associated to an extended Poincare algebra 



2.1 Homogeneous manifolds associated to extended Poinca- 
re algebras 

Any extended Poincare algebra p = p(n) = piV) + W has an even derivation D with 
eigenspace decomposition p = o(y)+l^+iy and corresponding eigenvalues (0, 1, 1/2). 
Therefore, the Z2-graded Lie algebra p = po + pi = p(V^) + 1^ is canonically extended 
to a Z2-graded Lie algebra q = g(n) = + p = So + Si, where So = + po = 
+ piy) =: s(^) and fli = pi = W . The next proposition describes the basic 
structure of the Lie algebra g = g(n) = QiV) + W . To avoid trivial exceptions, in 
the following we assume that n = dim V > 2 and hence that o{V) is semisimple (for 
the construction of homogeneous quaternionic manifolds we will put V = MF''^ and 
p>3). 

Proposition 2 The Lie algebra g = s(n) has the Levi decomposition 

Q = oiV) + t (6) 

into the radical t = + V + W and the complementary (maximal semisimple) Levi 
subalgebra o(y). The nilradicaln = [t,x] = V + W is two-step nilpotent ifU^O and 
Abelian otherwise. 

For any Lie algebra [ we denote by der(l) the Lie algebra of its derivations. 

Proposition 3 The adjoint representation g der(r) of q = o{V) + t on its ideal 
x = RD + V + W IS faithful. 

Proof: Let x E Q. We show that [x, r] = implies x = 0. First [x, D] = implies 
X G co{V) = + o{V). Then [x, V] = implies x = 0, because the conformal Lie 
algebra co{V) acts faithfully on V. □ 

By Prop. ^ we can consider s(^) and s = s(n) = s(^) + W a.s linear Lie algebras 
via the embedding s(^) C s der(r) C gt(t). The corresponding connected Lie 
groups of Aut(r) C GL(r) will be denoted by G{V) and G = G{Il) respectively: 
LieG{V) = q{V) C LieG = g. Now let V = W''^ and fix a decomposition p = 
p' +p". The subalgebra of o{V) preserving the corresponding orthogonal splitting 
V = E + E' = RP''° + RP"''' is t = t{p',p") = o{p') © o(p",g) C o{p,q) = o{V). We 
consider i C o{V) C g as a subalgebra of the linear Lie algebra g der(r) and 
denote hj K = K{p',p") C G{V) <Z G C Aut(r) the corresponding connected linear 
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Lie group. K is a closed Lie subgroup, see Cor. |^ below. We are interested in the 
homogeneous spaces 

M{V) := G{V)/K C M = M(n) := G/K = G(n)/K . 

Proposition 4 The Lie subalgebras t, n, x, o{V), p{V), p, g{V), g C der(r) are 
algebraic subalgebras of the (real) algebraic Lie algebra der(r). 



Proof: We use the following sufficient conditions for algebraicity, see | |U-V| | Ch. 3 §3 



a) A linear Lie algebra coinciding with its derived algebra is algebraic. 

b) The radical of an algebraic linear Lie algebra is algebraic. 

c) A linear Lie algebra generated by algebraic subalgebras is algebraic. 

The subalgebras o(y) C p(^) C p C der(r) are algebraic by a). By c), to prove that 
g = WD + p and q{V) are algebraic it is now sufficient to show that WD C der(r) is 
algebraic. D preserves n = V + W and acts trivially on the complement WD + o{V). 
The Lie algebra WD "—>■ der(n) is the Lie algebra of the algebraic group 

{Aldv © fildw\X = 0} C GL{V © W) . 

This shows that WD, QiV), q C der(r) are algebraic. Now n, the radical of p, and 
r, the radical of g, are algebraic by b). Finally, t C o{V) is the subalgebra which 
preserves the orthogonal splitting V = E + E' and is hence algebraic. □ 

Corollary 3 The connected linear Lie groups K, S = SpinQ(\/), R = expr, G{V), 
G C Aut(r) with Lie algebras t, s := o{V), x, q{V), g C der(r) are closed. 

Proof: This follows from Prop. § and the fact that the identity component of a real 
algebraic linear group is a closed linear group. □ 

Proposition 5 The Lie group G{Il) has the following Levi decomposition: 

G{U) = S^R. (7) 

Proof: This follows from the corresponding Levi decomposition (^) of Lie algebras 
since SnR = {e}. □ 

Next we show that M{V) can be naturally endowed with a G(V^)-invariant struc- 
ture of pseudo-Riemannian locally symmetric space. With this in mind, we consider 
the pseudo-Euclidean vector space V = with scalar product (-, ■) and or- 

thogonal decomposition V = Wcq + V + Mcg, (eo,eo) = — (eQ,eo) = 1. Recall that 
o(V^) is identified with A^V via the pseudo-Euclidean scalar product (-, ■), see (^. 
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Proposition 6 The subspace 



Meo A e[, + aV + (eo - Cq) A ^ C A^V = o{V) 
is a suhalgehra isomorphic to QiV). 

Proof: The canonical embedding oiV) = A'^V ^ A'^V = o{V) is extended to an 
embedding giV) ^ o(y) via 

D eo Ac'q, V 3 V i-^ {eo - c'q) Av .a 

It is easy to see that the embedding q{V) o{V) lifts to a homomorphism 
of connected Lie groups G{V) SOo(V^) with finite kernel. In particular, we 
have a natural isometric action of G{V) on the pseudo- Riemannian symmetric space 
M{V) := SOo(p + + l)/(SO(p' + 1) X SOo(p", g + 1)). We denote by [e] = eK e 
M{V) := SOolv)/K, K := SO(p' + 1) x SOo(p",g + 1), the canonical base point and 
by G{V)[e] its G'(V^)-orbit. 

Proposition 7 The action of G{V) on M{V) induces a G{V)-equivariant open em- 
bedding 

M{V) = G{y)/K ^ G{y)[e] C M{y) . 

G{y) acts transitively on M{y) if and only if M{V) is Riemannian, i.e. if and only 
if p" = 0. In that case M{V) = M{V) is the noncompact dual of the Grassmannian 
SO(p + q + 2)/(S0(p + 1) X SO(g + 1)) and admits a simply transitive splittable 
solvable subgroup I{S)tKexp{WD + V) G G{V). Here I{S) denotes the (solvable) 
Iwasawa subgroup of S = Spino(l^). 

Proof: The stabilizer G(y)[e] of [e] in G{V) coincides with K and hence G(V)[e] = 
G(y)/G(y)[e] = G(y)/K = M{V). Now a simple dimension count shows that the 
orbit G'(y)[e] C M{V) is open. If M{V) is Riemannian then it is a Riemannian 
symmetric space of noncompact type and, by the Iwasawa decomposition theorem 
Q) the Iwasawa subgroup /(SOo(p + 1, <?+ 1)) C SOo(p+ l,q + l) is a splittable 



see 



solvable subgroup which acts simply transitively on M{V). Now let G{V) = Sp<R{V) 
be the Levi decomposition associated to the Levi decomposition QiV) = o{V) + {MD + 
V), Spino(V^), R{V) = exp(MD + V) (cf. Prop. 1). We denote by /(^) C S the 
Iwasawa subgroup of S. Then I{S)t<R(y) C GiV) is mapped isomorphically onto 
/(SOo(p + l,g + 1)) C SOo(V^) by the homomorphism GiV) SOo(V^) introduced 
above. This shows that I{S)i><R{V) and hence G{V) acts transitively on M{V) in 
the Riemannian case. 

If M{V) is not Riemannian then the homogeneous spaces M{V) and M{V) are 
not homotopy equivalent and hence G{V) does not act transitively on M{V). In 
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fact, M{V) (respectively, M{V)) has the homotopy type of the Grassmanian SO(p + 
l)/(SO(p' + 1) X S0(/)) (respectively, SO(p)/(SO(p') x SO{p"))). Now it is sufficient 
to observe that the Stiefel manifolds SO{p + 1)/S0(p' + 1) and SO(p)/SO(p') are 

01 



□ 



homotopy equivalent only if p = p' and hence p" = 0, see 

Before we can formulate the main result of the present paper in section |2.4| we 
need to recall the notions of quaternionic manifold and of (pseudo-) quaternionic 



Kahler manifold, cf. ||A-M2 
next section. 



The reader familiar with these concepts should skip the 



2.2 Quaternionic structures 

It is instructive to introduce the basic concepts of quaternionic geometry as analogues 
of the more familiar concepts of complex geometry. 

Definition 4 Let E be a (finite dimensional) real vector space. A complex struc- 
ture on E is an endomorphism J G End(i?) such that = —Id. A hypercomplex 
structure on E is a triple (Ja) = {Ji,J2iJz) of complex structures on E satisfy- 
ing J1J2 = Js- A quaternionic structure on E is the three-dimensional subspace 
Q C End(i?) spanned by a hypercomplex structure (Ja): Q = span{ Ji, J2, J3}. In that 
case, we say that the hypercomplex structure {Ja) is subordinate to the quaternionic 
structure Q. 

Note, first, that Q C qI{E) is a Lie subalgebra isomorphic to sp(l) = ImH = 
span{i, j, fc} the Lie algebra of the group Sp{l) = C M. = span{l, j. A;} of unit 
quaternions and, second, that the real associative subalgebra of End(£') generated by 
Id and a quaternionic structure Q on is isomorphic to the algebra of quaternions 
H. In both cases, the choice of such isomorphism is equivalent to the choice of a 
hypercomplex structure (Jq.) = (Ji, J2, J3) subordinate to Q. In fact, given (Jq,) we 
can define an isomorphism of associative algebras by (Id, Ji, J2, J3) ^ (1,^, j, k) this 
induces also an isomorphism of Lie algebras Q —>■ sp{l). 

Definition 5 Let M be a (smooth) manifold. An almost complex structure J 
(respectively, almost liypercomplex structure (Ji, J2, J3), almost quaternionic 
structure Q) on M is a (smooth) field M 3 m 1— > G End(TmM) of complex 
structures (respectively, m i-^ {Ji, J21 Jzjm of hypercomplex structures, m ^ of 
quaternionic structures). The pair {M, J) (respectively, {M,{Ja)), {M,Q)) is called 
an almost complex manifold (respectively, almost hypercomplex manifold, 
almost quaternionic manifold^. 

We recall that a connection on a manifold M (i.e. a covariant derivative V on its 
tangent bundle TM) induces a covariant derivative V on the full tensor algebra over 
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TM and, in particular, on End (TM) ^ TM O T*M. We will say that V preserves a 
subbundle B C End(TM) if it maps (smooth) sections of B into sections of T*M®B. 

Definition 6 A connection V on an almost complex manifold {M,J) (respectively, 
almost hypercomplex manifold (M, (Jq,)), almost quaternionic manifold {M,Q)) is 
called almost complex (respectively, almost hypercomplex, almost quater- 
nionicj connection if VJ = (respectively, if VJi = VJ2 = VJ3 = 0, if V 
preserves the rank 3 subbundle Q C End(TM)). A complex (respectively, hyper- 
complex, quaternionic^ connection is a torsionfree almost complex (respectively, 
almost hypercomplex, almost quaternionic) connection. 

Note that the equation VJ = is equivalent to the condition that V preserves the 
rank 1 subbundle of End(TM) spanned by J, i.e. VJ = 9 ® J for some 1-form 9 
on M. Therefore, the notion of almost quaternionic connection (as well as that of 
almost hypercomplex connection) is a direct quaternionic analogue of the notion of 
almost complex connection. 

Definition 7 Let M be a manifold. An almost complex structure (respectively, al- 
most hypercomplex structure, almost quaternionic structure) on M is called 1-inte- 
grable if there exists a complex (respectively, hypercomplex, quaternionic) connection 
on M. A complex structure (respectively, hypercomplex structure, quater- 
nionic structure^ on M is a 1-integrable almost complex structure (respectively, 
almost hypercomplex structure, almost quaternionic structure) on M. 



Remark 3: It is well known, see |[N-N|| and |[K-NI1]| , that an almost complex manifold 



(M, J) is integrable, i.e. admits an atlas with holomorphic transition maps, if and 
only if it is 1-integrable. This justifies the following definition of complex manifold. 

Definition 8 A complex manifold (respectively, hypercomplex manifold^ is a 

manifold M together with a complex structure J (respectively, hypercomplex structure 
(Jq,)) on M. A quaternionic manifold of dimension d > A is a manifold M of 
dimension d together with a quaternionic structure Q on M . Finally, a quaternionic 
manifold of dimension d = 4 is a 4-dimensional manifold M together with an almost 
quaternionic structure Q which annihilates the Weyl tensor of the conformal structure 
defined by Q, see Remark 4 below. 

For examples of hypercomplex and quaternionic manifolds (without metric condition) 
see [0, ig] and fB^. 



Remark 4: Notice that an almost quaternionic structure on a 4-manifold induces 
an oriented conformal structure. This follows from the fact that the normalizer in 
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GL(4, M) of the standard quaternionic structure(s) on = HI is the special confor- 
mal group C0o(4). The definition of quaternionic 4- manifold (M, Q) implies that this 
conformal structure is half-fiat. More precisely, if the orientation of M is chosen such 
that Q is locally generated by positively oriented almost complex structures, then the 
self-dual half of the Weyl tensor vanishes. The special treatment of the 4-dimensional 



case in Def. g| and also in Def. [IT] below has the advantage that with these definitions 
many important properties of quaternionic (and also of quaternionic Kahler) mani- 
folds of dimension > 4 remain true in dimension 4, cf. Remark 5. In particular, all 
future statements about quaternionic manifolds and quaternionic Kahler manifolds in 
the present paper, such as the integrability of the canonical almost complex structure 
on the twistor space (see section 0), are valid also in the 4-dimensional case. 

Next we discuss (almost) complex, hypercomplex and quaternionic structures on 
a pseudo-Riemannian manifold {M,g). 

Definition 9 A pseudo-Riemannian metric g on an almost complex manifold (M, J) 
(respectively, almost hypercomplex manifold (M, (Ja)), almost quaternionic manifold 
{M,Q)) is called Hermitian if J is skew symmetric (respectively, the Ja are skew 
symmetric, Q consists of skew symmetric endomorphisms). 

Note that, due to = —Id, an almost complex structure J on a pseudo-Riemannian 
manifold (M, g) is skew symmetric if and only if J is orthogonal, i.e. if and only if 
g{JX, JY) = g{X,Y) for all vector fields X,Y on M. Similarly, an almost quater- 
nionic structure Q on a pseudo-Riemannian manifold (M, g) consists of skew sym- 
metric endomorphisms if and only if Z := {A G QIA"^ = —Id} consists of orthogonal 
endomorphisms (here the equation A"^ = —Id is on T^r^M, it : Q M the bundle 
projection). 

Definition 10 A complex (pseudo-) Hermitian manifold {M,J,g) (respectively, 
hypercomplex (pseudo-) Hermitian manifold (Af, {Ja),g), quaternionic (pseu- 
do-) Hermitian manifold {M,Q,g), almost complex (pseudo-) Hermitian ma- 
nifold (M, J, g) etc.) is a complex manifold (M, J) (respectively, hypercomplex mani- 
fold (M, {Ja)), quaternionic manifold {M,Q), almost complex manifold (M, J) etc.) 
with a Hermitian (pseudo-) Riemannian metric g. 

Next we define the hypercomplex and quaternionic analogues of (pseudo-) Kahler 
manifolds. 

Definition 11 A f^^sefido-j Kahler manifold (respectively, (pseudo-) hyper-'Kah- 
ler manifold, quaternionic (pseudo-) Kahler manifold of dimension d > A) is 
an almost complex (pseudo-) Hermitian manifold {M,J,g) (respectively, almost hy- 
percomplex (pseudo-) Hermitian manifold (M, {Ja),g), almost quaternionic (pseudo-) 
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Hermitian manifold {M,Q,g) of dimension d > 4) with the property that the Levi- 
Civita connection of the (pseudo-) Riemannian metric g is complex (respec- 
tively, hypercomplex, quaternionic) . An almost quaternionic Hermitian ^-i^f^nifold 
{M,Q,g) is called quaternionic Kahler manifold if Q annihilates the curvature 
tensor R of . 



See |Bi|], IIH-K-L-RJI , p-F-G|| , |S¥T[, FSl , FS^ , pTl , pi^ , and 



for examples of liyper-Kahler manifolds and |Wl|], [^], [§c|, ||aT|, [0, |E3| 



F3, ||dW-VP2|| , prni , pTPj , and for examples of quaternionic 

Kahler manifolds. 

Remark 5: As explained in Remark 4, an almost quaternionic structure Q on a 
4-manifold M defines a conformal structure. It is clear that a pseudo-Riemannian 
metric g on M defines the same conformal structure as Q if and only if it is Q- 
Hermitian and that any such metric is definite. Moreover, the Levi-Civita connection 

of an almost quaternionic Hermitian 4-manifold (M, Q, g) automatically preserves 
Q. In fact, its holonomy group at m G M is a subgroup of SO (T^M, gm) because M 
is oriented (by Q) and the latter group normalizes Q because g is Q-Hermitian. Now 
let {M,Q,g) be a quaternionic Kahler 4-manifold. Since Q annihilates the curvature 
tensor R and the metric g it must also annihilate the the Ricci tensor Ric and the Weyl 
tensor of {M,g). This shows first that Ric is Q-Hermitian and hence proportional 
to g: Ric = eg. In other words, {M,g) is an Einstein manifold. Second, {M,Q) 
is a quaternionic manifold because Q annihilates the Weyl tensor of the conformal 
structure defined by g, which coincides with the conformal structure defined by Q. 
For any quaternionic pseudo-Kahler manifold (M, g) (of arbitrary dimension) it is 
known, see e.g. [|A-M2|1 , that {M,g) is Einstein and that Q annihilates R. 

As next, we introduce the appropriate notions in order to discuss transitive group 
actions on manifolds with the special geometric structures defined above. 



2.3 Invariant connections on homogeneous manifolds and 1- 
integrability of homogeneous almost quaternionic mani- 
folds 

Definition 12 The automorphism group of an almost complex manifold (M, J) 
(respectively, almost hypercomplex manifold (M, [Jo)), almost quaternionic manifold 
{M,Q), almost complex Hermitian manifold {M,J,g), etc.) is the group of diffeo- 
morphisms of M which preserves J (respectively, [Jo), Q, {J,g), etc.). An almost 
complex manifold (respectively, almost hypercomplex manifold, almost quaternionic 
manifold, almost complex Hermitian manifold, etc.) is called homogeneous if it 
has a transitive automorphism group. 
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In the next section, we are going to construct an almost quaternionic structure Q 
on certain homogeneous manifolds M = G/K (G is a Lie group and K a closed 
subgroup). The almost quaternionic structure Q will be G-invariant by construction 
and hence (M, Q) will be a homogeneous almost quaternionic manifold. Similarly, 
we will construct homogeneous almost quaternionic (pseudo-) Hermitian manifolds 
(M = G/ K, Q, g). In order to prove that (M = G/ K, Q, g) is a quaternionic (pseudo- 
) Kahler manifold, or simply to establish the 1-integrability of the almost quaternionic 
structure Q it is useful to have an appropriate description of the affine space of G- 
invariant connections on the homogeneous manifold M = G/K. This is provided 
by the notion of Nomizu map, which we now recall, see ||A-V-L|] , ||V1|| . Let V be a 



connection on a manifold M. For any vector field X on M one defines the operator 

Lx := Cx-Vx, (8) 

where Cx is the Lie derivative (i.e. CxY = {X, Y] for any vector field Yon M). Lx is 
a C°°(M)-linear map on the C°°(M)-module T{TM) of vector fields on M, so it can 
be identified with a section Lx G r(End(TM)). In particular, Lx\m G End(TmM) 
for all m G M . 

Now let M = G/fC be a homogeneous space and suppose that V is G-invariant. 
The action of G on M defines an antihomomorphism of Lie algebras a : q = 
LieG — > r(TM) from the Lie algebra g of /e/i-invariant vector fields on G to the 
Lie algebra T{TM) of vector fields on M. This antihomomorphism maps an ele- 
ment X e to the fundamental vector field a{x) := X G T{TM) defined by 
X{ m) : — -17 |i=o 6xp(tx)?77,. The statement that oi is an antihomomorphism means 
that [a(a;), a{y)] = —a{[x, y]) for all x, y G g. Note that a becomes a homomorphism 
if we replace g by the Lie algebra of right-invariant vector fields on G. Without restric- 
tion of generality, we can assume that the action is almost effective, i.e. g —>■ r(TM) 
is injective. Then we can identify g with its faithful image in r(TM). The isotropy 
subalgebra t = LieK is mapped (anti)isomorphically onto a subalgebra of vector 
fields vanishing at the base point [e] = eK & M = G/ K. In this situation we define 
the Nomizu map L = L(V) : g — > End(Tfe]M), x i— >■ L^, by the equation 



:= L 



x\ 



where again X is the fundamental vector field on M associated to a; G g. The ope- 
rators Lx G End(T[e]M) will be called Nomizu operators. They have the following 
properties: 

Lx = dp{x) for all x G 6 (9) 

and 

LxAkX = p{.k)Lxp{k)~^ for all xGg, keK, (10) 
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where p : K ^ GL(T[e]M) is the isotropy representation. The first equation follows 
directly from equation (|^) since (Vx^)m = if X{m) = 0. The second equation 
expresses the G-invariance of V. Conversely, any linear map L : q ^ End(T[e]M) 
satisfying (P) and (|10|) is the Nomizu map of a uniquely defined G-invariant connec- 
tion V = V(-L) on M. Its torsion tensor T and curvature tensor R are expressed at 
[e] by: 

T(7rx, Try) = -{L^ny - Lynx + tt[x, y]) 

and 

R{7ix, 7iy) = [L^, Ly] + L[^^y] , x,y E Q 

where vr : g — > T[e]M is the canonical projection x i-^ vrx = X([e]) = ^|i=o exp(tx)i^. 
Remark 6: The difference between our formulas for torsion and curvature and those 
of [[A-V-L|| is due to the fact that in [[A-V-L|| everything is expressed in terms of right- 



invariant vector fields on the Lie group G whereas we use left-invariant vector fields. 
To obtain the corresponding expressions in terms of right-invariant vector fields from 
the expressions in terms of left-invariant vector fields and vice versa it is sufficient to 
replace [x,y] by —[x,y] in all formulas {x,y G q). The same remark applies to for- 
mula ([TTD below, which expresses the Levi-Civita connection on a pseudo-Riemannian 
homogeneous manifold. 

Suppose now that we are given a G-invariant geometric structure S* on M (e.g. a 
G-invariant almost quaternionic structure Q) defined by a corresponding i^T-invariant 
geometric structure S[e] on T[e]M. Then a G-invariant connection V preserves S if 
and only if the corresponding Nomizu operators L^, x G g, preserve S[e]- So to 
construct a G-invariant connection preserving S it is sufficient to find a Nomizu map 
L : g — i> End(T[e]M) such that preserves S[e] for all x G g. We observe that, due 
to the i^-invariance of S^e], the Nomizu operators L^. preserve S'[e] already for x E t. 
The above considerations can be specialized as follows: 

Proposition 8 Let Q be a G-invariant almost quaternionic structure on a homo- 
geneous manifold M = G/K. There is a natural one-to-one correspondence be- 
tween G-invariant almost quaternionic connections on (M, Q) and Nomizu maps 
L : g ^ End(T[e]M), whose image normalizes Q[e], i.e. whose Nomizu operators 
Lx, X E g, belong to the normalizer n{Q) = sp(l) © g[((i, H) (d = dimM/A) of the 
quaternionic structure Q[e] in the Lie algebra g[(T[e]M). 

Corollary 4 Let (M = G/K,Q) be a homogeneous almost quaternionic manifold 
and L : g End (T[e]M) a Nomizu map such that 

(1) L^Tcy — LyTTx = —IT [x, y] for all x,y E g (i.e. T = 0) and 

(2) Lx normalizes (5[e] C End(T[e]M). 
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Then the connection V(L) associated to the Nomizu map L is a G-invariant quater- 
nionic connection on (M, Q) and hence Q is 1-integrahle. 

For future use we give the well known formula for the Nomizu map associated 
to the Levi-Civita connection of a G-invariant pseudo-Riemannian metric on a 
homogeneous space M = G/K. Let (■, ■) = g[e] be the i^-invariant scalar product on 
T[e]M induced by g. Then G End(T[e]M), x G g, is given by the following Koszul 
type formula: 

-2{Llny,TTz) = {n[x,y],nz) - {TTX,TT[y,z]) - {ny,n[x,z]) , x,y,zeg. (11) 



Corollary 5 Let (M = G/K,Q,g) be a homogeneous almost quaternionic (pseudo-) 
Hermitian manifold and assume that normalizes Q[e] for all x & g. Then the Levi- 
Civita connection = V(L^) is a G invariant quaternionic connection on {M,Q,g) 
and hence {M,Q,g) is a quaternionic (pseudo-) Kdhler manifold if dim. M > 4. 

2.4 The main theorem 

Let p(n) = p{V) + IV be an extended Poincare algebra of signature (p, q) and p > 3. 
We fix the decomposition p = p' -\- p", where p' = 3. For notational convenience we 
put r := p" = p — 3. Then we consider the linear groups K = K{p',p") = K{3, r) C 
G(y) C G = G(n) C Aut(t) introduced in section |2]T|. As before r denotes the 
radical of = Lie G. 

Theorem 8 1) There exists a G-invariant quaternionic structure Q on M = 
M(n) = G{n)/K. 

2) If H is nondegenerate (see Def. ^ then there exists a G-invariant pseudo- 
Riemannian metric g on M such that (M, Q, g) is a quaternionic pseudo-Kdhler 
manifold. 

Proof: The main idea of the proof, which we will carry out in detail, is first to observe 
that the submanifold M{y) = G{V)/K C G/K = M has a natural G(y)-invariant 
structure of quaternionic pseudo-Kahler manifold and then to study the problem of 
extending this structure to the manifold M. As shown in section |2.1| , we can embed 
M{V) as open G(\^)-orbit into the pseudo-Riemannian symmetric space M{V) = 
SOo{V)/k, V = k = SO(p' + 1) X SOo(p", q + l) = S0(4) X SOo(r, q + l). 

Now we claim that MiV) carries an SOo(l^)-invariant (and hence G(\^)-invariant) 
almost quaternionic structure Q. It is sufficient to specify the corresponding K- 
invariant quaternionic structure Q^e] C End(T[e]M(y)) at the canonical base point 
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[e] = eK G M{y). We first define a hypercomplex structure (Jq.) on the isotropy 
module T^e]Miy) = O M^''^+^: 

Ji :=^i(i) ®Id, J2 := ® Id, J3 :=/iKA;) ®Id. (12) 

Here G End(R^) stands for left-multiplication by the quaternion x G H = 

span{l, i, j, /c}: fii{x)y = xy for all ?/ G EI = M^. Right-multiplication by x 
will be denoted by Hr{x). Now it is easy to check that the quaternionic structure 
(5[e] := span{ Ji, J2, J3} is normalized under the isotropy representation of K and 
hence extends to an SOo(V^)-invariant almost quaternionic structure Q on M(y). 
Note that the complex structures are not invariant under the isotropy represen- 
tation and hence do not extend to SOo(V^)-invariant almost complex structures on 
M{y). Next we observe that the tensor product of the canonical pseudo- Euclidean 
scalar products on and M'"''''''^ defines a pseudo-Euclidean scalar product —g[e] on 
T^^]M{V) =m} ® R'''«+\ Notice that g^e] is positive definite if r = and indefinite 
otherwise. It is invariant under the isotropy representation and hence extends to a {Q- 
Hermitian) SOo(V^)-invariant pseudo- Riemannian metric on MiV), which is unique, 
up to scaling, and defines on MiV) the well known structure of pseudo-Riemannian 
symmetric space. In fact, it is the symmetric space associated to the symmetric pair 
(o(V),6 := lAeK). Let m C o(V^) be the i^-invariant complement to the isotropy 
algebra i. Then [m, m] C t and hence the Nomizu operators G End(T[e]M(V)) 
associated to the Levi-Civita connection of g vanish for x G m, see (p^TI). On 
the other hand if x G 6 then the Nomizu operator L^. on T[e]M(V^) = m coincides 
with the image of x under the isotropy representation: = ad^| fn. This shows 
that L^. normalizes the quaternionic structure Q[e] for all x G o(V^) and by Cor. |^ 
we conclude that {M{y),Q,g) is a homogeneous quaternionic pseudo-Kahler mani- 
fold if dimM(K) > 4. The manifold M{y) is 4-dimensional only if r = g = and 
in this case M{y) = S0o(4, 1)/S0(4) reduces to real hyperbohc 4-space H^, i.e. 
to the quaternionic hyperbolic line Hj^ = Sp(l, 1)/Sp(l) ■ Sp(l), which is a stan- 
dard example of (conformally half-fiat Einstein) quaternionic Kahler 4-manifold. Of 
course, the pair {Q,g) defined on the manifold M{V) (for all r and q) restricts 
to a G(V")-invariant quaternionic pseudo-Kahler structure on the open G'(V)-orbit 
M{V) ^ M{V). So we have proven that iM{V) = G{V)/K, Q, g) is a homogeneous 
quaternionic pseudo-Kahler manifold. 

Our strategy is now to extend the geometric structures Q and g from M(y) to G- 
invariant structures on M = G/K D G{y)/K = M{V). First we will extend Q to a 
G-invariant almost quaternionic structure on M. Using the infinitesimal action of = 
0(n) =0(l^) + iy on M we can identify T[e]M = {Q{V)/t)®W = T[,]M{V)®W. Note 
that the isotropy representation of K on T[e]M preserves this decomposition and acts 
on T[e]M(V") = TeKM{V) = T^j^M{V) as restriction of the isotropy representation of 
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K on T^f^Miy) to the subgroup K G K. We extend the hypercomplex structure ( J^) 
defined above on T^j^]\d{V) = TexM^V) to a hypercomplex structure on T^kM = 
%kM{V) © ly as follows: 

JaS := epe^s , s E W , (13) 

where (cq,, C/j, e^) is a cyclic permutation of the standard orthonormal basis of -E = 
r3'0 c V = E + E' (the product epCy is in the Clifford algebra). Now we can 
extend the quaternionic structure Q^e] on T[e]M{V) to a quaternionic structure on 
T[e]M such that (5[e] = span{ Ji, J2, Js}- To prove that Q[e] C End (T[e]M) extends to 
a G-invariant almost quaternionic structure on M it is sufficient to check that the 
isotropy algebra i normalizes Q^e]- It is obvious that the subalgebra o{E') = o(r, q) C 
t = o{E) © o{E') centralizes Q[e]. We have to show that o{E) = o(3) normalizes 
Q[e]. In terms of the standard basis (ei, 62, 63) = k) of E = M.^ = ImH a basis of 
0(3) = A'^E is given by (e2 A 63, 63 A ei, ei A 62). For any cychc permutation (a, /3, 7) 
of (1, 2, 3) we have the following easy formulas, cf. (^): 

- 2dp{ep A Cj) = (/i;(ea) - /ir(ea)) © Id (14) 

on T^kM{V) ^ T^kM{V) = © M^''?+^ and 

— 2dp{ep A e^) = C/je-y = Ja (15) 

on ly. As before dp : t ^ gi{T[e]M) denotes the isotropy representation. From the 
equations (|T2])-(^) we immediately obtain that 

[dp{eis A e^), Ja] = and [(ip(e^ A e^), J^] = — . 

This shows that Q[e] C End(T[e]M) is invariant under t and hence extends to a G- 
invariant almost quaternionic structure Q on M. The 1-integrability of Q will be 
proven in the sequel. 

Let us first treat the case where 11 is nondegenerate. First of all, we extend the 
G(l^)-invariant Q-Hermitian pseudo-Riemannian metric g on M{V) to a G-invariant 
Q-Hermitian pseudo-Riemannian metric on M. It is sufficient to extend the K- 
invariant pseudo-Euclidean scalar product g^e] on T[e]M(V") to a K-invariant and 
Jo-invariant (a = 1, 2, 3) scalar product on T[e] = T[e]M(V") © W. We do this in such 
a way that the above decomposition is orthogonal for the extended scalar product 
g[e] on T[e]M and define 

g[,]\WxW:=-b, 

where b = 6n, (61,62,63) is the canonical symmetric bilinear form associated to 11 and to 
the decomposition p = p' +p" = 3 + r. By Prop. |I]the nondegeneracy of 11 implies the 
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nondegeneracy of b. This shows that the symmetric bihnear form g^^] on T[e]M defined 
above is indeed a pseudo-Euchdean scalar product. This scalar product is invariant 
under the isotropy group K = K{p',p") = K{3, r), by virtue of Thm. |l|, 3), and hence 
extends to a G-invariant pseudo-Riemannian metric g on M. Moreover, the metric g 
is Q-Hermitian. In fact, it is sufficient to observe that b is Jc-invariant. This property 



follows from the i^-invariance of 6, since Ja\W G dp{i)\W, see ([TsD. Summarizing, we 
obtain: {M,Q,g) is a homogeneous pseudo-Hermitian almost quaternionic manifold. 
The next step is to compute the Nomizu map : g —* End(T[e]M) associated to 
the Levi-Civita connection of g. It is convenient to identify T[e]M with a 1^- 
invariant complement m to € in g. Such complement is easily described in terms 



of the /^-invariant orthogonal decomposition V = E + E' 



d3,0 



+ Indeed, 



using the canonical identification o{V) = A V we have the following t-invariant 
decompositions: 

o{V) = t + EAE', 
g{V) = o{V) +RD + V = i + m{V) , m{V) 
g(V) + W = t + m, m = m(n): = 







E AE' + RD 
m{V) + W. 



V . 



Tie]M 

E' = : 



In the following, we will make the identifications T[e]M(y) = Q(y)/t = xniV) C 
= s/t = m. Let (e^), a = 1, . . . , r + g, be the standard orthonormal basis of 
Then we have the following orthonormal basis of {m{V), gt^e])'- 

(cq, a Cjj, D, Cq,, e^) , 

where a = 1, 2, 3 and a = 1, . . . ,r + q. For notational convenience we denote this 
basis by (e^), t = 0,...3,i = 0,...,r + q, where 



eoo 
eoa 

CoO 



Cq := Co := D 

e'a (a = l,...,r + g) 

e„ (a = 1,2, 3) 



■ e^Ae'^. 

In terms of this basis the hypercomplex structure Jq, is expressed on vaiV) simply by: 

where z = 0, . . . , r + g and (a, /5, 7) is a cyclic permutation of (1, 2, 3). The scalar pro- 
duct g[e\ is completely determined on xniV) by the condition that {e^i) is orthonormal 
and that 

_ , \ _ / -1 if « = 1, • • • 
ei .- gye,i,ea) - <y if ^ = 0, r + 1, . . . , r + g . 
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The scalar product g[e] on m induces an identification x /\y ^ x /\gy oi the exterior 
square A^m with the vector space of (7[e]-skew symmetric endomorphisms on m, where 
X Ag y{z) := g{y, z)x — g{x, z)y, x,y,z e m. We denote by n{Q) (respectively, z{Q)) 
the normalizer (respectively, centralizer) of the quaternionic structure Q^e] in the Lie 
algebra fl[(m). 

Lemma 5 The Nomizu map = L{W^) associated to the Levi-Civita connection 
of the homogeneous pseudo-Riemannian manifold (M = G/K,g) is given by the 
following formulas: 

= LI =0, 

where 

^ r+q r+q 
^ 1=0 ^ i=0 

Lg, G z(Q) is given by: 

3 

For all s E W the Nomizu operator G z(Q) maps the subspace m(y) C m = 
xn{V) + W into W and W into m(V^). The restriction Ll\W (s G W) is completely 
determined by Lf |m(V) (and vice versa) according to the relation 

gmt,x) = -g{t,Llx), s,teW, x e m{V) . 

Finally, L^\m.{V) (s ^W) is completely determined by its values on the quaternionic 
basis (e'j), i = 0, . . . ,r + q, which are as follows: 

(It is understood that = dp{x) = ad^Jm for all a; G 6, cf. equation In the 

above formulas a = 1, . . . ,r + q, a = 1,2,3 and {a, (3, 7) is a cyclic permutation of 
(1,2,3). 
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Proof: This follows from equation (IT^) by a straightforward computation. □ 

Corollary 6 The Levi-Civita connection of the homogeneous almost quaternionic 
pseudo-Hermitian manifold {M,Q,g) preserves Q and hence {M,Q,g) is a quater- 
nionic pseudo-Kdhler manifold. 

Proof: From the G-invariance of Q, we know already that G ti{Q) for all x G 6 
and the formulas of Lemma |^ show that G n{Q) for all x G m. Now the corollary 
follows from Cor. ^ □ 

By Cor. |^ we have already established part 2) of Thm. |^. Part 1) is a consequence 
of 2) provided that IT is nondegenerate. It remains to discuss the case of degenerate 

n. 

By Thm. ^ we have a direct decomposition W = Wo + W of C?°(\^)-modules, 
where Wo = kerH. We put W := n| W' and denote by L' : 0(n') ^ End(m(n')) 
the Nomizu map associated to the Levi-Civita connection of the quaternionic pseudo- 
Kahler manifold (M' := M{Il'),Q, g). Note that the quaternionic structure Q of 
M' coincides with the almost quaternionic structure induced by the obvious G{Il')- 
equivariant embedding M' = G{Il')/K C G{ir)/K = M. By the next lemma, we 
can extend the map L' to a torsionfree Nomizu map L : 3 (11) End(m(n)), whose 
image normalizes Qfe]- This proves the 1-integrability of Q (by Cor. completing 
the proof of Thm. ^ □ 

By Cor. I we can decompose L'^ = J2a=i ^ai^)'^^ + L'^, where the u'^ are 1-forms 
on m(n') and L'^ G z(Q) belongs to the centralizer of the quaternionic structure on 

m(n'). 

Lemma 6 The Nomizu map L' : 0(11') — > End(m(n')) associated to the Levi-Civita 
connection 0/ (M(n') = G{Il')/K, g) can be extended to the Nomizu map L : g(n) —>■ 
End(m(n)) of a Gijl) -invariant quaternionic connection V on the homogeneous al- 
most quaternionic manifold (M(n) = GiJl)/ K^Q). The extension is defined as fol- 
lows: 

3 

L^:=^ujc{x)Ja + Lx, a;Gm(n), 

where G z((5), with centralizer taken in g[(m(n)), is defined below and the 1-forms 
uja on m(n) := m(n') + Wo satisfy uja\vi\ijl') := ui'^ and uJa\Wo := 0. The operators 
Lx are given by: 

L^|m(n') := L'^ if x e m(n') , 
4jW^o := 4.jW^o := 4J Wo := , 

Le'J\Wo := ^6162636^ , 
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I,|l^o:=0 z/ sew, 

LgX := L^s — [s, x] if s G ? a; G m(n') . 

(It is understood that = ad3;|m(n) for all x E i. In the above formulas, as usual, 
a = 1, . . . ,r + q and a = 1,2, 3.) 

Proof: To check that L : 0(11) End(m(n)) is a Nomizu map it is sufficient to check 
(HO); (H) is satisfied by definition. The equation ( [10|) expresses the i^-invariance of 



L G s(n)* ® End(m(n)) which is equivalent to the invariance of L under the Lie 
algebra t, since K is a connected Lie group. So ([T0|) is equivalent to the following 
equation: 

L[r,^y]Z = [sidx,Ly]z xG6, ?/, 2: G 111(11). (16) 

We first check this equation. Let always x E t. Due to LwWq = and [t, Wq] C Wq 
we have 

L[^^y]Z = [ad^,Ly]z = 

if y e W and z G Wq. Also ( [T^ ) is satisfied if 2; G m(IT) because Lj,.|m(n') = L'^ 
is the Nomizu operator associated to the Nomizu map L'. Now let y G Wq and 
2; G m(n'). Then we compute: 

L[x,y]Z - [adx,Ly]z = {L^[x,y] - [[x,y],z]) - [x,Lyz] + Ly[x,z] 

= L^[x, y] - [[x, y],z]- [x, L^y] + [x, [y, z]] + - [y, [x, z]] 

= L[x,z\y - [x,L^y] + L^[x,y] = Ly^^z]y - [&dx,L^]y. 

This shows that it is sufficient to check ( |16|) for y G m(n') and z G Wq; the case 
y G Wq and z G m(n') then follows from the above computation. In the following let 



X G ! and z G Wq. We check (|T|) for all y G m(n'). From LgQ = and Cq] = it 
follows that 

L[x,eQ\Z — \x, Le^z] + Lgg [x, = . 



Next we check ( |16|) for y — Cq,: 



^[x,ej2:- [a;,i^e<.^] +Le^[x,z] = L[^^^^]Z - -[x, J^z] + -J^[x,z]. 

It is clear that the first summand and the sum of the second and third summands 
vanish if x G o{E') C t = o{E) © o{E'). For x = A e^j G o{E) = o(3) ((a,/5,7) 
cyclic) we compute: 

1 1 
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1 1 

4 

1 

and for x = e^j A we obtain: 



L[e^Ae-„eo,]Z " [e/3 A 6^, J^^] + ^ Jq[6/3 A 6^, 2:] 



^ 1 1 

+ -6/36^6/36-^2 — -6/36.^6/36-^2 = . 



Next we check (16) for y = e'^\ 

Li^yjz - [x, Le'^z] + Le'^[x, z] = 

^616263 [X, e'^]z - ^[X, 6i62636'„z] + ^6163636^ [x, z] . 

It is easy to see that this is zero if [x, e'g] = 0. So we can put x = 6^ A 6^ obtaining: 

^(e'a, e'j6i62636;2 + ^6;6;,6i62636> - ^6i62636;,6;6'„2; = . 

Finally, ioi y E E /\ E' we immediately obtain: 

L[x,y\z — [x, Lyz\ + Ly\x, z\ = L^x,y\Z = , 

since Ly = ioi y e E A E' and [t, E A E'] C E A E'. So we have proven that L is a 
Nomizu map. It is easily checked that L^y — LyX = —tt[x, y] for all x, y G in(n), where 
TT : 0(n) m(n) ^ T[e]M(n) is the projection along t This shows that V = V(L) 
has zero torsion. It only remains to check that G n((5) for all x G 0(11). This is 
easy to see for x G 0(11') from the definition of the map L as extension of the Nomizu 
map L'. We present the calculation only for Lg, s G Wq: 

L,eo = LeoS- [s, 6o] = + = , 

LsJa^O = LsCa = Lg^S — [s, 6q,] = Ij^JaS — = JaLgCQ , 
Lse'a = Le'J- [S, 6^] = ^6i62636'„S - = ^6162636^,5 , 
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= e^e^(-eae/3e^e^s) = JaLsc'^, 

(a,/3,7) cyclic, 

Lst = Lts -[s,t] = 0, 

LgJat = Lj^tS — [s, Jat\ = = JaLtS 

ift eW. We have used that LwWq = and [Wo, W] = 0. This shows that G z{Q) 
for all s G Wq finishing the proof of the lemma. □ 

2.5 The Riemannian case 

Proposition 9 Let p(n) = piV) + W be a nondegenerate extended Poincare algebra 
of signature {p,q), p>S, and {M(Il),Q,g) the corresponding homogeneous quater- 
nionic pseudo-Kdhler manifold, see Thm. Then the pseudo-Riemannian metric g 
is positive definite, and hence a Riemannian metric, if and only if —b is positive defi- 
nite and p = 3. In all other cases g is indefinite. Here b = &n,(ei, 62,63) is the canonical 
symmetric bilinear form associated to U and to the decomposition p = 3 + r. 

Proof: By construction, the restriction of g to the submanifold M{V) C M(n) is a 
(positive definite) Riemannian metric if and only if p = 3 and is indefinite otherwise. 
Now the proposition follows from the fact that —b is precisely the restriction of the 
scalar product g[e] on T[e]M(n) = T[e]M{V) ®W to the subspace W. □ 

Next we will use the classification of extended Poincare algebras of signature 
(3, q) up to isomorphism (see |1.3|) to derive the classification of the quaternionic 
Kahler manifolds (M(n), Q, g) up to isometry. We recall that p(3, g, 0, 0, 1) = p{p = 
3,g, /o = 0,/+ = 0,/_ = /) (respectively, p(3, g, 0, 0, /+, 0, 0, /") = p{p = 3,q,l^ = 
0,1^ = = 0,1^ = Ojz = l~)) is the set of isomorphism classes of extended 

Poincare algebras for which —b is positive definite if g ^ 3 (mod 4) (respectively, 
if g = 3 (mod 4)). We denote by M{q,l) (respectively, M{q,l~^ the homo- 
geneous quaternionic Kahler manifold {M(JI),Q,g) associated to 11 G p(3,g,0, 0,Z) 
(respectively, H G p(3, g, 0, 0, 0, 0, /")). 

Theorem 9 Every homogeneous quaternionic pseudo-Kdhler manifold of the form 
{M{Il),Q,g) for which g is positive definite is isometric to one of the homoge- 
neous quaternionic Kahler manifolds M{q,l) (q ^ 3 (mod 4)) or M{q,l~^ = 
M{q,l~ (q = 3 (mod 4)). In particular, there are only countably many such 
Riemannian manifolds up to isometry. 

Proof: This is a direct consequence of Prop. |^, Thm. ^ and Thm. 0. □ 

Any real vector space E admitting a quaternionic structure has dimE = 
(mod 4). Therefore, we can define its quaternionic dimension dimjj E := dim£'/4. 
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Similarly, the quaternionic dimension of a quaternionic manifold (M, Q) is dimjj M : = 
dimM/4. We denote by N{q) the quaternionic dimension of an irreducible C^g^- 
module. 

Proposition 10 1) A^(0) = A^(l) = A^(2) = A^(3) = 1, A^(4) = 2, A^(5) = 4, 
Ar(6) = A^(7) = 8 and N{q + 8) = 16A^(g) for all q >0. In particular, N{q) 
coincides with the dimension of an irreducible Z2- graded Ciqs-module if q > 3. 

2) The quaternionic dimension of the homogeneous quaternionic Kdhler manifolds 
M{q,l) and M{q,l~^ is given by: 

dimjj M(g, I) = q + 1 + lN{q) 

and 

dimjj M(g, /+, /-) = g + 1 + (/+ + /-)iV(g) . 

Proof: The first part follows from the classification of Clifford algebras. The second 
part follows from dimM = dimM(V^) + dim VT. □ 

The next theorem identifies the spaces M{q, I) and M{q, 1^,1^) with Alekseevsky's 
quaternionic Kahler manifolds. We recall that an Alekseevsky space is a quater- 
nionic Kahler manifold which admits a simply transitive non Abelian splittable solva- 
ble group of isometries, see |[A3|| and ||C2|| . Due to Iwasawa's decomposition theorem 



any symmetric quaternionic Kahler manifold of noncompact type is an Alekseevsky 
space. These are precisely the noncompact duals of the Wolf spaces. We recall that 
a Wolf space is a symmetric quaternionic Kahler manifold of compact type and 
that such manifolds are in 1-1-correspondence with the complex simple Lie algebras 



Wl|. The nonsymmetric Alekseevsky spaces are grouped into 3 series: V-spaces, 



W-spaces and T-spaces, see [|A3|| , [|dW-VP2|| and [p2[| . These 3 series contain also 



all symmetric Alekseevsky spaces of rank > 2 and no symmetric spaces of smaller 
rank. By definition an Alekseevsky space can be presented as metric Lie group, i.e. 
as homogeneous Riemannian manifold of the form (L, g), where L is a Lie group and 
g a left-invariant Riemannian metric on L. 

Theorem 10 Let (M = M(n) = G{ir)/ K,Q, g) be a homogeneous quaternionic 
Kdhler manifold as in Prop. 

G(n) = 5xi? = Spino(V)x/? 

the Levi decomposition and I{S) the Iwasawa subgroup of S. Then L := L(Jl) := 
I{S)t<R C G'(n) is a (non Abelian) splittable solvable Lie subgroup which acts simply 
transitively on M. In particular, {M,Q,g) is an Alekseevsky space. More precisely, 
we have the following identifications with the V-spaces, W-spaces, T-spaces and sym- 
metric Alekseevsky spaces: 
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1) M{q,l) = V{l,q-3) and M{q,l+ ,1') = V(/+,/-,g-3) if q > 4, 

2) M(3,/+,r) = w(/+,r), 

3) M(2,/) = T(/), 

4) Mil, I) = SU(/ + 2, 2)/S(U(/ + 2) X U(2)), 

5) M(0, /) = Sp(/ + 1, 1)/Sp(/ + l)Sp(l) = mW+^ (quaternionic hyperbolic (/ + !)- 
space). 

The above Riemannian manifolds M{q,l) and M{q,l~^ = M{q,l~ are pair- 
wise nonisometric and exhaust all Alekseevsky spaces with two symmetric exceptions: 
CH^ = SU(1,2)/U(2) =: M(l,-1) (complex hyperbolic plane) and G^^VS0(4). 
(Note that these two symmetric spaces have rank < 2 and so do not belong to any of 
the 3 series V, W and T of Alekseevsky spaces.) 

Proof: The fact that L acts simply transitively on M follows from Prop. |^ This 
shows that {M,Q,g) is an Alekseevsky space. The Riemannian metric g induces a 
left-invariant metric gi on the Lie group L. To establish the identifications given 
in the theorem it is sufficient to check that {L^gi) is isomorphic (as metric Lie 
group) to one of the metric Lie groups which occur in the classification of Alek- 
seevsky spaces, see |X3| and ||C2|| . (The quaternionic structure can be reconstructed 



from the holonomy of the Levi-Civita connection, up to an automorphism of the full 
isometry group which preserves the isotropy group.) Finally, to prove that M{q,l) 
and M(q,l~^ ,1^) = M{q,l~ ,1'^) are pairwise nonisometric it is, by ||A4|| , sufficient to 



check that the corresponding metric Lie groups (which occur in the classification of 
Alekseevsky spaces) are pairwise nonisomorphic. This was done in [^\. □ 



2.6 A class of noncompact homogeneous quaternionic Her- 
mitian manifolds with no transitive solvable group of 
isometries 

There is a widely known conjecture by D.V. Alekseevsky which says that any noncom- 
pact homogeneous quaternionic Kahler manifold admits a transitive solvable group 
of isometries ||A3|| . The next theorem shows that this conjecture becomes false if we 
replace "Kahler" by "Hermitian". 

Theorem 11 Let p(n) be any extended Poincare algebra of signature {p,q) = (3 + 
'"jO), r > 0, and (M = G/K,Q) the corresponding homogeneous quaternionic ma- 
nifold, see Thm. 1). Then there exists a G-invariant Q-Hermitian Riemannian 
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metric h on M. Moreover, the noncompact homogeneous quaternionic Hermitian 
manifold (M, Q, h) does not admit any transitive solvable Lie group of isometries if 
r > 0. 

Proof: Since K = K{3, r) = Spin(3) ■ Spin(r) is compact, one can easily con- 
struct a fC-invariant (5[e]-Hermitian Euclidean scalar product h[e] on T[e]M by the 
standard averaging procedure and extend it to a G-invariant Q-Hermitian Rieman- 
nian metric h on M. More explicitly, we can construct such a scalar product /i[e] 
on T[e]M = T[e]M{V) (B W as orthogonal sum of if-invariant Euclidean scalar pro- 
ducts on T[e]M(K) and W as follows. Using the open embedding M{V) ^ M(y) 
we can identify TeKM{V) = T^j^M{V) = ® R'^'^ = R^ ® and choose the 
standard 0(4) x 0{r + l)-invariant Euclidean scalar product on R^ ® R'^'*'^. This 
scalar product is automatically i^-invariant and (^[ej-Hermitian. On W we choose 
any ii'-invariant Euclidean scalar product (which exists by compactness of K). It 
is automatically (5[e]-Hermitian because Q[e] C End(H^) is precisely the image of 
0(3) C = Liei^ under the isotropy representation of t on the ^-invariant subspace 
W C T[e]M = T[e]M(V') © W. It remains to show that Isom(M, h) does not contain 
any transitive solvable Lie subgroup if r > 0. In fact, M is homotopy equivalent 
to the simply connected real Grassmannian S0(3 + r)/S0(3) x SO(r) of oriented 
3-planes in R'^"^'' (r > 0). On the other hand, if {M,h) admits a transitive solvable 
group of isometries then M must be homotopy equivalent to a (possibly trivial) torus, 
which contradicts the fact that M is simply connected (and not contractible). □ 
The last argument proves, in fact, the following theorem. 

Theorem 12 Let p(n) be any extended Poincare algebra of signature {p,q), p > 3 
and M = M(n) the manifold constructed in Thm. |^. Then M does not admit any 
transitive (topological) action by a solvable Lie group. 



3 Bundles associated to the quaternionic manifold 



To any almost quaternionic manifold (M, Q) one can canonically associate the follow- 
ing bundles over M: the twistor bundle Z{M), the canonical SO (3) -principal bundle 
S{M) and the Swann bundle U{M). The twistor bundle (or twistor space) 
Z{M) — i> M is the subbundle of Q whose fibre Z{M)m aX m & M consists of all 
complex structures subordinate to the quaternionic structure Q^, i-e. 




Z{M)m = {Ae Qm\A^ 



Id}. 
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So Z{M) is a bundle of 2-spheres. The fibre S'(M)m of the S0(3)-principal bundle 
S{M) at m e M consists of all hypercomplex structures (Ji, J2, J3) subordinate to 
Qm- Finally, 

f/(M) = 5(M)xso(3) (H7{±1}) 

is associated to the action of S0(3) = Sp(l)/{±1} on H*/{±1} induced by left- 
multiplication of unit quaternions on H. The total space Z{M) carries a canonical 
almost complex structure J, which is integrable if Q is quaternionic, see ||A-M-P|| . 
Similarly, one can define an almost hypercomplex structure (Ji, 12,13) on U{M), 
which is integrable if Q is quaternionic, cf. |P-P-S|| . We recall the definition of the 
complex structure J on the twistor space Z = Z{M) of a quaternionic manifold 
{M,Q). Since Q is 1-integrable, there exists a quaternionic connection V on M, see 
Def. 1^ and Def. 0. The holonomy of V preserves not only Q C End(TM) but also its 
sphere subbundle Z G Q, simply because Id is a parallel section of End(TM). Let 

TZ = TZ""^" © TZ^""" (17) 

be the corresponding decomposition into the vertical space TZ^^'^ tangent to the 
fibres of the twistor bundle Z ^ M and its V-horizontal complement TZ^°^ . The 
complex structure J preserves the decomposition ([I^). Let m G M be a point in M 
and z := J (z Z^ C Qm a complex structure on T^M subordinate to Qm- Then 
G End(Tj,Z) is defined by: 

M := J A and JX = JX 

for all A G T^Z''^'' = T,Z^ = {A G Qm\AJ = -JA} and all X G T„M, where 
X G T^Z^"'^ denotes the V-horizontal lift of X. It was proven in ||A-M-P| | that J does 
not depend on the choice of quaternionic connection V. 

If (M, Q) admits a quaternionic pseudo-Kahler metric g (of nonzero scalar cur- 
vature) then it is known that (Z(M), J) admits a complex contact structure and a 
pseudo-Kahler- Einstein metric | |S1| |, that S{M) admits a pseudo-3-Sasakian struc- 
ture ||Kc|| and that (f/(M), J^, J2, J3) admits a pseudo-hyper-Kahler metric ||Swl 



Moreover, all these special geometric structures are canonically associated to the 
data {M,Q,g). We recall that a complex contact structure on a complex ma- 
nifold Z is a holomorphic distribution V of codimension one whose Frobenius form 
[-, ■] : A^P — >■ TZ/V is (pointwise) nondegenerate; for the definition of 3-Sasakian 
structure see ||I-K|| and [^. If a Lie group G acts (smoothly) on an almost quater- 
nionic manifold (M, Q) preserving Q then there is an induced J-holomorphic action 
on Z. Similarly, if a Lie group G acts on a quaternionic pseudo-Kahler manifold 
(M, Q^g) preserving the data (Q, (?) then it acts on any of the bundles Z[M), S{M) 
and U{M) preserving all the special geometric structures mentioned above. 
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Theorem 13 Let (M(n) = G{Il)/ K,Q) be the homogeneous quaternionic mani- 
fold associated to an extended Poincare algebra of signature {p,q), p > 3, Z(Jl) := 
Z(M(n)) its twistor space, S{Il) :— S{M{U)) its canonical SO (3) -principal bundle 
and f/(n) := f/(M(n)) its Swann bundle. Then G{Il) acts transitively on the mani- 
folds Z{ir) and S{Il) and acts on U (H) with an orbit of codimension one. 

Proof: Since G = G{Il) acts transitively on the base M = M(Il) of any of the 
bundles Z(Jl) -> M, S(Il) M and U(Il) M, it is sufficient to consider the 
action of the stabilizer K = Spin(3) ■ Sping(r, g) on the fibres Z(n)[e], S'(n)[e] and 
U{Il)[e], [e] = eK G M = G/K. The subgroup SpinQ(r, C K acts trivially on 
5'(n)[e] and hence also on ^(n)[e] and C/(n)[e], whereas Spin(3) acts transitively on 
the set S'(n)[e] of hypercomplex structures subordinate to Q[e] and hence also on the 
set Z(n)[e] of complex structures subordinate to Q[e]- From this it follows that G acts 
transitively on Zijl) and S'(n) and with an orbit of codimension one on U(J1). □ 

From now on we denote by mo := [e] = eK G M = G/K the canonical base 
point of M and fix the complex structure Ji G Qmo ^ base point Zq :— Ji G Z^^ in 

z^z(n.). 

CoroUciry 7 {Z — Gzq = G/Gzq,!) is a homogeneous complex manifold of the group 
G. The stabilizer of the point zq E Z in G is the centralizer of Ji in K: Gzq — 
Zk(^i) = Zspi„(3)(Ji) • Spino(r,g), Zspi„(3)(Ji) ^ U(l). 

Now we are going to construct a natural holomorphic immersion Z ^ Z — 
Z(Il) = G / H of Z into a homogeneous complex manifold of the complexified linear 
group G^ C Aut(r*^), where {Gz^-)^ C H G G^ are closed complex Lie subgroups. 

First of all, we give an explicit description of the complex structure J on the twistor 
space Z. The choice of base point zq & Z determines a G-equivariant diffeomorphism 
Z — Gzq G/Gzo, which maps zq to the canonical base point eGz^ G G/Gz^. From 
now on we will identify Z and G/Gz„ via this map. The complex structure J being G- 
invariant, it is completely determined by the G^,, -invariant complex structure J^^ on 
TzqZ. In order to describe we introduce the following G2;i3-invariant complement 
3 = 3(n) to Qzo = Lie Gzq = Re2 A 63 ® o(r, q) in q: 

3 = Rei A 62 + Mei A 63 + m . 

The -invariant decomposition g = g^,, + 3 determines a G^o-equivariant isomor- 
phism TzqZ = q/qzo —^i- Using it we can consider the G^^-invariant complex struc- 
ture as a G2,, -invariant complex structure on 3. 

Proposition 11 The G -invariant complex structure J on the twistor space Z = 
G/Gzo is given on Tz^Z = 3 = Rei A 62 + Kei A 63 m by: 

J ei A 62 = ei A 63 , J |m = Ji . 
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Proof: Let V be the G-invariant quaternionic connection on (M, Q) constructed 
in Lemma ^ and = Y.a=i^a{x)Ja + L^, a; e m, its Nomizu operators, where 
Lx € = H) {d = dimjjM). The connection V induces the decomposition 
T,^Z = T^^Z"^'' © T^^Z^""' ^ 3 = f^'' © 3^°'" into vertical space and horizontal space. 
The vertical space is T^^Z^^'^ = T^^^^o = ^J2®^-h C Q^,, and f^"^ = Mei Ae2©Mei Aes 
respectively, the identification being J2 ^ — ei A 62, J3 ^ — ei A 63. For any vector 
X G m we consider the curve c{t) = exptxK G G/K = M (t & M) and define a lift 
s(t) G Zc(t) by the differential equation Cxs = with initial condition s(0) = zq = Ji. 
Here X = a{x) is the fundamental vector field on M associated to x (as defined on p. 



291) and Cx is the Lie derivative with respect to X. Then s{t) = {exptx)zo is precisely 
the orbit of 2:0 ^ -^^ = G/Gz^ under the 1-parameter subgroup of G generated by x. 
The vector 

^\t=o{s-tVxs) = s'{0)-Vxs\t=o 
at 

= s'iO) + [Lx, Ji] = s'{0) - 2tU2{x)J3 + 2uJs{x)J2 G T,„Z 

is horizontal. It is precisely the horizontal lift of X(mo) G Tm^M and corresponds to 

X := X + 2u2{x)ei A 63 — 2co'3(x)ei A 62 G 3 (18) 

under the identification Tz^Z = 3. This shows that 

f"- = {x\xem} 

= M(e2 + ei A 63) + M(e3 - ei A 62) + 

Meo + Mei + span{etQ|t = 0, . . . , 3, a = 1, . . . ,r + q} + W , 

see Lemma |[ Now the formulas for J^^ follow easily. In fact, it is clear that J^^, 
coincides with Ji on the Ji-invariant subspace m fl 3'^°'" = Meo + ffiei + span{eta|6 = 
0, . . . , 3, a = 1, . . . , r + g} + = n 63 C m. The equation J^yCi A 62 = ei A 63 
follows immediately from J1J2 = J3, since ei A 62, ei A 63 G 3^^^ are identified with 
the vertical vectors — J2, —J3 G Tz^Z^^'^ . It is now sufficient to check that '^zq^i = 63. 
This is done in the next computation: 

^20^2 = 4o(e2+eiAe3)-J^j,(eiAe3) = J2oe2+eiAe2 = Jie2+eiAe2 = e3+eiAe2 = 63 .□ 

We denote by 3^'° (respectively, 3°'^) the eigenspace of J^,, G End(3) for the 
eigenvalue i (respectively, —i). The integrability of the complex structure J im- 
plies that f) := f)(n) := (flzo)*^ + 3°'^ C g'^ is a (complex) Lie subalgebra. Let 
H = H(IV) C G C Aut(r ) be the corresponding connected linear Lie group. Let 
us also consider the Lie algebra i){V) := P| n q{V)'^ = (g^J^ + }{Vf'^ C giV)^, 
where i{V) = 3 n g{V) and ^{V)°'^ := f'^ f] g{V)^. 
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Proposition 12 H = Hill) C G C Aut(r ) are complex algebraic subgroups. 

Proof: It follows from Prop. ^ that C der(r^) is a complex algebraic subalgebra 

and hence G C Aut(r ) a complex algebraic subgroup. It only remains to show that 

(P 

{) is a complex algebraic subalgebra. Let us consider the decomposition i) = {Qzo) + 
3°'^ The subalgebra {Qzq)^ is algebraic. In fact, = Zf(e2 A 63) is a centralizer in 
the real algebraic subalgebra t C Q. If the subalgebra (3°'^) C f) generated by the 

/pi 

subspace 3°'^ is an algebraic subalgebra of der(r ), then f) is generated by algebraic 
linear Lie algebras and hence is itself algebraic, see [P- V|| . The algebraicity of (3*^'^) 
is proven in the next lemma. □ 

Lemma 7 3*^'^ generates the algebraic subalgebra (3°'"^) = o{E')^ + 3°'^ C g*^. 

Proof: First we compute the subalgebra (3°'^) of generated by 3°'^ = 3°'^(V^) + 
W°'\ Note that 

f'^{V) = span{ei A 62 + iei A 63, Co + iei, 62 + ies} 

+ span{6oa + «eia,62a + «e3a|a = l,...,r + g}. 

It is easy to check that 

[f'\V),f'\V)] = 0(E')*^ + Span{6i A62 + Z61 A 63,62 +i63} 

+ span{62a + ie3a\a = 1, . . . ,r + q} 

and 

[3°'i(r),Vr°'^] = W^^\ 

We show that [W°'\W°'^] C C(62 + ^63). This shows that {f'^) D o{E')'^ + f'\ 
Since the right-hand side is closed under Lie brackets, we conclude that (3"'^) = 
o{E')^ + 3°'^ It is easy to check that the subalgebra 

/pi 

o(i?')^+span{6iA62+i6iA63, 62+263}+span{6oa+«eia, e2a+ie3a\a = 1, . . . , r+q}+W"'^ 

coincides with its derived Lie algebra. Therefore, it is an algebraic subalgebra of 

g^, see [ P-V|| . Now, to prove that (3°'^) is algebraic, it is sufficient to check that 

(P 

C(6o + ici) is algebraic. The element Cq + ici G g is conjugated to the algebraic 

(P (P 
element Cq G g via exp(— 26i) G G . Consequently, it is algebraic. □ 
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Theorem 14 For the twistor space Z of any of the homogeneous quaternionic ma- 
nifolds (M = G/K,Q) constructed in Thm. |^ there is a natural open G-equivariant 
holomorphic immersion 

Z ^ G/G,, ^ Z = Z(U) := G'^/H 

into a homogeneous complex (Hausdorff) manifold of the complex algebraic group 

(P 

G . This immersion is a (universal) finite covering over its image, which is an open 
G-orhit. (The group H was defined on p. \4^.) 

Proof: It follows from Prop. that H C is closed. This shows that g'^ / H is 
a homogeneous complex Hausdorff manifold. The inclusions G C G and G-^q C H 
define a G-equivariant map G/G^o G /H, which is an immersion since gflf) = g^o- 
The differential of this immersion at cGzq is canonically identified with the restriction 
: 3 s'^/f) of the canonical projection d^/^ to 3 C g = Qzq + 3- Obviously, 

the complex linear extension (p^ maps 3^'" isomorphically to g^/f) and 3°'^ to zero. 

(P 

This shows that Z = G/G,, G^/H is open and holomorphic with respect to 
the G-invariant complex structure J on Z and the canonical complex structure on 

g'^/h. □ 

Theorem 15 The homogeneous complex manifold Z = G /H carries a G -invariant 
holomorphic hyperplane distribution V C TZ. The hyperplane T>zo = Tz^Z^"^ C 
TzgZ = TzqZ is the horizontal space associated to the G -invariant quaternionic con- 
nection V on M constructed in Lemma |^. Moreover, T> defines a complex contact 
structure on Z = Zijl) if and only if 11 is nondegenerate. In this case the restriction 
V\Z coincides with the canonical complex contact structure on the twistor space Z of 
the quaternionic pseudo-Kdhler manifold M . 

Proof: Recall that we identify T^^Z with the flzg-invariant subspace 3 C g = gzo + 3 
complementary to Qzq- Hereby the subspace Vzq = Tzf^Z^"'' is identified with 3'*°'' = 
{x\x G m} C 3, where X = x + 2co'2(a;)ei Aea — 2c<j3(x)ei Ae2 is the V-horizontal lift of x, 



see equation ([T8|) . The subspace 3^^°^ C 3 is J^^^ -invariant by the very definition of the 



yhor 



complex structure Jzq ^"^^ ^zoli is given by J^^^x = Jix for all x e m. The subspace 
(^^hor)i,o ^ (^^/lor^Cp^i.o ^ ^1,0 jg identified with the z-eigenspace Vl^^ C TjfZ = TlfZ 

of Jj,g on T>z^y In order to prove that T)\'^ extends to a G^-invariant holomorphic 
distribution T)^'^ C T^'^Z it is sufficient to check the following lemma. 

/pi 

Lemma 8 The complex Lie algebra i) = preserves the projection of{]) Y'^ = 

{x-zJix|x G m} = span^{e2 + eiAe3-i(e3-eiAe2),eo-iei,eoa-«eia,e2a-«e3a|a = 
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1, . . . ,r + q} + W^'° into fl^/f), i. e. 

Now V^'^ defines a complex contact structure if and only if the Frobenius form 
/\2-pi,o rpi,02 ^x>^,o is nondegenerate, which is equivalent to the nondegeneracy of 
the skew symmetric complex bilinear form 



Lemma 9 Let {^^""-yfi = (3(v)'^°^)i.o^yf/i,o ^/^g decomposition 0/(3'^°^)^'° mduced 
by the decomposition;^ =^(V) + W. Then Lu{{i{V)^'"~y'^ ,W^'^) = 0, cu] (3(V)'^°^)i'0 
is nondegenerate and uj\ W^''^ is given by 

uis - iJ,s, t - i.ht) = 2((e2, [s, t\) + ^(ea, [s, t]))(e2 - le^) (mod + • (19) 

From the lemma it follows that uj is nondegenerate if and only ii uj\ /\^ W^'^ is 
nondegenerate. The explicit formula for uj\ A^ W^'^ given in equation (|1^) now shows 
that UJ is nondegenerate if and only if 6(11) = 6n, (61,62,63) is nondegenerate, which is 
in turn equivalent to the nondegeneracy of 11 by Cor. |l]. This proves that "D is a 
complex contact structure if and only if 11 is nondegenerate. If 11 is nondegenerate 
then = TzqZ^""^ is precisely the horizontal space associated to the Levi-Civita 
connection of the quaternionic pseudo-Kahler manifold {M,Q,g) and T> is the 
canonical complex contact structure on its twistor space Z, as defined by Salamon 



Sll. □ 



4 Homogeneous quaternionic supermanifolds as- 
sociated to superextended Poincare algebras 

In this section we will show that our main result, Thm. ^ has a natural supergeome- 
tric analogue, Thm. |17[ The fundamental idea is to replace the map U : A^W V 
defined on the exterior square A'^W by an o(y)-equivariant linear map 11 : V'^W —>■ V 
defined on the symmetric square V^VT = Sym^l^. We will freely use the language of 
supergeometry. The necessary background is outlined in the appendix. 
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4.1 Superextended Poincare algebras 



Let (V, (-,■)) be a pseudo-Euclidean vector space, W a C£°(F) -module and 11 : 
V'^W ^ V" an o(V")-equivariant linear map. We recall that o{V) acts on W via 
ad"^ : o(\/) spin{V) C Cf{V), see equation (|). 

Given these data we extend the Lie bracket on po piy) to a super Lie bracket 



see Def. |T6|) [■, ■] on the Z2-graded vector space po + pi, pi = W, by the following 



requirements: 

1) The adjoint representation (see Def. ^) of o(y) on pi concides with the natural 
representation of o{V) = 3pin(V^) on = pi and [V,pi] = 0. 

2) [s, t] = U{s V t) for all s,teW. 

The super Jacobi identity follows from 1) and 2). The resulting super Lie algebra 
will be denoted by p(n). 

Definition 13 Any super Lie algebra p(n) as above is called a superextended 
Poincare algebra (^o/signature {p,q) ifV = M^ '^j. p(n) is ca/Zec? nondegenerate 

ifU is nondegenerate, i.e. if the map W 3 s ^ Tl{s V ■) G W* ®V is injective. 

The structure of superextended Poincare algebra on the vector space piV) + W is 
completely determined by the map U : \/'^W ^ V . An explicit basis for the vector 
space (V^VT*® V")"^^) of such o(V)-equivariant linear maps was constructed in [ A-C2 
for all V and W. 



4.2 The canonical supersymmetric bilinear form b 

Let V = MP'"^ be the standard pseudo-Euclidean vector space with scalar product (•, ■) 
of signature {p, q). From now on we fix a decomposition p = p' + p" and assume that 
p' = 3 (mod 4), see Remark 7 below. We denote by (cj) = (ei, . . . , Cp') the first p' 
basis vectors of the standard basis of V and by (e-) = {e[, . . . , ep„_^_g) the remaining 
ones. The two complementary orthogonal subspaces of V spanned by these bases 
are denoted by ii^ = = W '° and E' = ''^ respectively. The vector spaces V, 
E and E' are oriented by their standard orthonormal bases. E.g. the orientation of 
Euclidean p'-space E defined by the basis (cj) is A ■ ■ ■ A e*; G /\^ E* . Here (e*) 
denotes the basis of E* dual to (cj). Now let p(n) = p(^) + be a superextended 
Poincare algebra of signature (p, q) and (cj) any orhonormal basis of E. Then we 
define a M-bilinear form 6n,(ei) on the C£'^(y)-module W by: 

hn,{e,){s,t) = (ei, [es . . . vs,t]) = (ei, n(e2 . . . V t)) , s,teW. (20) 



49 



We put b = 6(n) := 6n,(ei) for the standard basis (cj) of E. As in ^]T] we consider 
W = pi as Z2-graded vector space of purely odd degree and recall that, by Def. 
an even supersymmetric (respectively, super skew symmetric) bilinear form on W is 
simply an ordinary skew symmetric (respectively, symmetric) bilinear form on W. 
Remark 7: Equation (pO]) defines an even super skew symmetric bilinear form on 
W if p' = 1 (mod 4). For even p' the above formula does not make sense, unless 
one assumes that is a Ci{V)-modu\e rather than a C£°(V^) -module. Here we are 
only interested in the case p' = 3 (mod 4). Moreover, later on, for the construction 
of homogeneous quaternionic supermanifolds we will put p' = 3. 

Theorem 16 The bilinear form b has the following properties: 

1 ) bn,{ei) = ±b if ei A ■ ■ ■ A Cpi = ±ei A ■ ■ ■ A Cp' . In particular, our definition of b 
does not depend on the choice of positively oriented orthonormal basis of E. 

2) b is an even supersymmetric bilinear form. 

3) b is invariant under the connected subgroup K{p',p") = Spin(p') ■ SpinQ(p", q) C 
SpinQ(p, q) (and is not SpinQ(j9, q)-invariant, unless p" + q = 0). 

4) Under the identification oiV) = A'^V = A'^E + A^E' + E A E' , see equation 

the subspace E A E' acts on W by b-symmetric endomorphisms and the 
subalgebra A^E © A'^E' = o{p') © o{p",q) acts on W by b-skew symmetric en- 
domorphisms. 

Proof: The proof is the same as for Thm. |l], up to the modifications caused by the 
fact that n is now symmetric instead of skew symmetric. Part 2) e.g. follows from 
the next computation, in which we use that p' = 3 (mod 4): 

b{t,s) = (ei, [62 . . . Cp't, s]) 

= -(ei, [ci. . .Cpd, 62633]) + (ei,ad(e2e3)[e4. . .Cp/if:, s]) 
= -(ei, [64 . . . 6pd, 6263s]) = ■■■ = -(d, [t, 62... 6p>s]) 

= -{6i,[62. . .6p'S,t]) = -b{s,t) .a 

Definition 14 The bilinear form b = 6(11) = &n,(ei....,ep,) defined above is called 
the canonical supersymmetric bilinear form on W associated to the o{V)- 
equivariant map II : \/^W ^ V = MF''^ and the decomposition p = p' + p" . 

Proposition 13 The kernels of the linear maps U : W ^ W* © V and b = 6(11) : 
W — s> W* coincide: kerll = ker6. 

Proof: See the proof of Prop. |l|. □ 

Corollary 8 p(n) is nondegenerate (see Def. [73| j if and only z/6(n) is nondegene- 
rate. 
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4.3 The main theorem in the super case 



Any superextended Poincare algebra p = p(n) = p{V) + W has an even derivation 
D with eigenspace decomposition p = oiV) + V + W and corresponding eigenvalues 
(0, 1, 1/2). Therefore, the super Lie algebra p = po + Pi = piY) + W is canonically 
extended to a super Lie algebra g = 0(11) = MZ^ + p = 0o + 0i5 where go = M-D + po = 
RD + p{V) = g{V) and 0i = pi = W. 



Proposition 14 The adjoint representation (see Def. 28) of g is faithful and more 



over it induces a faithful representation on its ideal x = WD + V + W C g = o{V) + r. 

By Prop. we can consider g as subalgebra of the super Lie algebra gl{t) (defined 
in |A.3|) , i.e. is a linear super Lie algebra (see Def. ^). We denote by G = G(n) 
the corresponding linear Lie supergroup, see |A.3| . Its underlying Lie group is Go = 



G{V) and has go = g{V) as Lie algebra. For the construction of homogeneous 
quaternionic supermanifolds we will assume that V = MJ'''^ with p > 3. Then we fix 
the decomposition p = p' + p", where now p' = 3 and p" = p — 3 =: r. As before, 
we have a corresponding orthogonal decomposition V = E + E', the subalgebra 
t = t{p',p") = 6(3, r) = o(3) © o(r, g) C o{p,q) = oiV) preserving this decomposition 
and the corresponding linear Lie subgroup K = K{3, r) C Go. We are interested in 
the homogeneous supermanifold (see |A.4|) : 

M = M(n) := G/K = G(n)/K. 

Its underlying manifold is the homogeneous manifold 

Mo := Go/K = G{V)/K = M{V) . 



Theorem 17 1) There exists a G-invariant quaternionic structure Q on M = 
G/K. 

2) If H is nondegenerate (see Def. \T3{ ) then there exists a G-invariant pseudo- 
Riemannian metric g on M such that (M, Q, g) is a quaternionic pseudo-Kdhler 
supermanifold. 

Proof: First let (Qo, 9q) denote the Go-invariant quaternionic pseudo-Kahler struc- 
ture on Mq = Gq/K which was introduced in the proof of Thm. ^ (previously it was 



denoted simply by {Q,g))- As in that proof, see equation ([131) , the corresponding 
iT-invariant quaternionic structure on TerMq = go/i is extended to a i^- invariant 
quaternionic structure Qex on TexM = g/t defining a G-invariant almost quater- 
nionic structure Q on G/K (see [A.2| and [A. 4] ). Similarly, the Go- invariant pseudo- 
Riemannian metric g^ on Mq corresponds to a i^-invariant pseudo-Euclidean scalar 
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product on This scalar product is extended by 6 = &n,{ei, 62,63), in the obvious 

way, to a i^'-invariant supersymmetric bihnear form g^x on g/6, which is nondegen- 
erate if 11 is nondegenerate. Let us first treat the case where 11 is nondegenerate. 
In this case Qex defines a G-invariant Q-Hermitian pseudo-Riemannian metric g on 
G/K. The Levi-Civita connection of the homogeneous pseudo-Riemannian super- 



manifold (M, g) is computed in Lemma |Ty below. As on p. g/6 is identified with 



the complement m = m(V^) + W to t in q. We use the (yfQ-orthonormal basis (e^j) of 
vciiy) introduced on p. |3^ and recall that = go{e^i,ei,i). Also we will continue to 
write X f\gy for the (7ei^-skew symmetric endomorphism of m defined for x, ?/ G m(V) 

by: X Ag y{z) := geK{y, z)x - geK{x, z)y, z e m. 

Lemma 10 The Nomizu map = L(V^) associated to the Levi-Civita connection 
of the homogeneous pseudo-Riemannian supermanifold (M = G/K,g) is given by 
the following formulas: 

1 



where 



LI = -Ja + Ll , 



2 '^"•"'J 1 

^ i=0 ^ i=0 



Lg, G z(Qe_ft:) given by: 



3 



i.=0 

^eJW^ = ^6162636'^. 

For all s & W the Nomizu operator L^ G z{QeK) maps the subspace xn{V) C m = 
m{V) + W into W and W into m{V). The restriction Ll\W (s G W) is completely 
determined by |m(V) (and vice versa) according to the relation 

geK{L%x)= geK{t,Llx), s,t eW , xem{V). 

Finally, Ll\xn{y) (s & W) is completely determined by its values on the quaternionic 
basis (e^), i = 0, . . . ,r -\- q, which are as follows: 
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(It is understood that L| = ada;|m for all x G t, cf. equation (^4)-) -^''^ ^he above 
formulas a = 1, . . . ,r + q, a = 1,2,3 and (a, /5, 7) is a cyclic permutation of {1,2,3). 

Proof: This follows from equation (^) by a straightforward computation. □ 

Corollary 9 The Levi-Civita connection of the homogeneous almost quaternionic 
pseudo-Hermitian supermanifold (M, Q, g) preserves Q and hence (M, Q, g) is a quater- 
nionic pseudo-Kdhler supermanifold. 

By Cor. ^ we have already established part 2) of Thm. 17. Part 1) is a consequence 
of 2) provided that 11 is nondegenerate. It remains to discuss the case of degenerate 
n. From the o(V^)-equivariance of 11 it follows that Wq = kerll C is an o{V)- 
submodule. Let W be a complementary o(V^)-submodule. Then Wq and W are 
aO(V")-submodules; we put W := n| W. We denote by (M' := M{U'),Q',g') 
the corresponding quaternionic pseudo-Kahler supermanifold and hj L' := : 
0(11') — > End(m(n')) the Nomizu map associated to its Levi-Civita connection. By 
the next lemma, we can extend the map L' to a torsionfree Nomizu map L : g(n) 
End(m(n)), whose image normalizes QeK- This proves the 1-integrability of Q (by 



Cor. nO), completing the proof of Thm. 17. □ 



By Cor. g we can decompose L'^ = J2a=i ^a{^)Ja + L'^, where the u'^ are 1-forms 
on m(n') and L'^ e '^{Q'bk) belongs to the centralizer of the quaternionic structure 

Q'eK = QeK\m{U') OU m(n'). 

Lemma 11 The Nomizu map L' : 0(n') End(m(n')) associated to the Levi- 
Civita connection of (M(n') = G{IV) / K, g') can he extended to the Nomizu map 
L : 0(n) — > End(m(n)) of a 0(11) -invariant quaternionic connection V on the ho- 
mogeneous almost quaternionic supermanifold (M(n) = G{Il)/K,Q). The extension 
is defined as follows: 

3 

:= '^uJo,{x)Ja + , xGm(n), 

a=l 

where G z{Q) (the centralizer is taken in g[(m(n))j is defined below and the 1- 
forms uja on m(n) := m(n') + Wq satisfy uja\m{l\') := uj'^ and LOa\WQ := 0. The 
operators are given by: 



L^|m(n') := 4 if xe m(n') 



L,,\Wo:=L,jW,:=L,^\Wo:=Q 
Le'jWo := ^6162636^, 
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I,|l^o:=0 z/ sew, 

LsX := {-lyL^s -[s,x] if s eWo, x e m(n') . 

(It is understood that = ad^|m(n) for all x G t.) In the above formulas, as 
usual, a = 1, . . . ,r + q, a = 1, 2, 3 and a; G Z2 = {0, 1} stands for the Z2-degree of 
X G m(n') = m(n')o + m(n')i = m(V^) + W. 

Proof: The proof is similar to that of Lemma □ 



A Supergeometry 



In this appendix we summarize the supergeometric material needed in ^ Standard 
references on supergeometry are 0, and [0, see also ||B-B-m , [ [Ba]| , ||Be|| , |[Bern|| , 
PW| , 0, [01, [01 > [iH] and |S^ . (D.A. Leites has informed us that he 



B-0 



will soon publish a monograph on supergeometry.) 



A.l Supermanifolds 

Let V = Vq + Vi he a Z2-graded vector space. We recall that an element x e V 
is called homogeneous (or of pure degree) if a; G Vq U Vi. The degree of a 
homogeneous element x e V is the number x G Z2 = {0,1} such that a; G \4. The 
element x e V said to be even if a; = and odd if a; = 1. For Vq and Vi of finite 
dimension, the dimension of V is defined as dim^ := dim Vo| dimVi = m\n and a 
basis of V is by definition a tuple (xi, . . . , Xm, ^1, ■ ■ ■ , Cn) such that {xi, . . . , Xm) is a 
basis of Vq and (^1, . . . , ^„) is a basis of Vi. 

Definition 15 Let A be a 7j2-graded algebra. The supercommutator is the bilinear 
map [■, ■] : A X A — >• A defined by: 

[a,b] := ab- {-l)'^ha 

for all homogeneous elements a, 6 G A. The algebra A is called supercommutative 
if [a, b] = for all a, 6 G A. A Z2-graded supercommutative associative (real) algebra 
A = Aq + Ai will simply be called a superalgebra. 

Example 1: The exterior algebra AE = A^''^"E + A°"'"'E over a finite dimensional 
vector space ii^ is a superalgebra. 

Definition 16 A super Lie bracket on a 7j2-graded vector space V = Vq + Vi is a 
bilinear map [■,■] : V x V ^ V such that for all x,y,z e VqUVi we have: 



54 



i) [x, y] = x + y, 
a) [x^y] = —{—lY^[y,x] and 

in) [x, [y,z]] = [[x,y],z] + (— [x,z]] ("super Jacobi identity"). 

The 'Z2-graded algebra with underlying 'Z2-graded vector space V and product defined 
by the super Lie bracket [-, ■] is called a super Lie algebra. 

Example 2: The supercommutator of any associative Z2-graded algebra A is a super 
Lie bracket and hence defines on it the structure of super Lie algebra. For example, 
we may take A = End(\^) with the obvious structure of Z2-graded associative algebra 
(with unit). The corresponding super Lie algebra is denoted by QliV) and is called 
the general linear super Lie algebra. 

Let Mq be a (differentiable) manifold of dimension m. We denote by C^j^ its sheaf 
of functions. Sections of the sheaf over an open set U C Mq are simply smooth 
functions on U: C^j^^iJJ) = C°°{U). Now let ^ = + -^1 be a sheaf of superalgebras 
over Mq. 

Definition 17 The pair M = {Mo,A) is called a (differentiable) supermanifold of 
dimension dimM = m\n over Mq if for allp G Mq there exists an open neighborhood 
U 3 p and a rank n free sheaf Ejj of Cif -modules over U such that A\jj = f\Eu 
(as sheaves of superalgebras). A function on M (over an open set U C Mq) is 
by definition a section of A (over U). The sheaf A = Am is called the sheaf of 
functions on M and Mq is called the manifold underlying the supermanifold M. 
Let M = {Mq, Am) (^nd N = {Nq, An) be supermanifolds. A morphism : M N 
is a pair ip = {ipQ, ip*), where ipQ : Mq Nq is a smooth map and ip* : An — i^o)*AM 
is a morphism of sheaves of superalgebras. It is called an isomorphism if ipQ is a 
diffeomorphism and ip* an isomorphism. An isomorphism (p : M ^ M is called 
an automorphism of M. The set of all morphisms (p : M ^ N (respectively, 
automorphisms (p : M ^ M) is denoted by Mot{M, N) (respectively, Aut(M)). 



From Def. it follows that there exists a canonical epimorphism of sheaves e* : A ^ 
C^g, which is called the evaluation map. Its kernel is the ideal generated by Ai: 
kere* = (^i) = Ai + Aj. 

Given supermanifolds L, M, N and morphisms ip G Mor(L, M) and ip G Mor(M, A^), 
there is a composition ip o e Mor(L, A^) defined by: 

{ip o iP)q = ipQO IpQ and {ip o Ip)* = Ip* o ip* . 
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Here we have used the same symbol ip* for the map {^q)*Am — ^ {Vo)*{jPo)*-Al = 
[lPq o 'iI)q)^Al induced by if)* : Am — > {i^o)*AL- Similarly, if (y9 : M — >• iV is an 
isomorphism, then we can define it inverse isomorphism by: 

Here, again, we have used the same notation (v^*)^^ for the map Am — > {'^q^)*An 
induced by {^*)~^ : {vq)*Am — ^ An- Finally, for every supermanifold M = {Mo,A), 
there is the identity automorphism Ha/ := (IdMojM^)- The above operations turn 
the set Aut(M) into a group. 

Example 3: Let E Mq be a (smooth) vector bundle of rank n over the m- 
dimensional manifold Mq and S its sheaf of sections. It is a locally free sheaf of 
C^i^ -modules and SM{E) := {Mq, AS) is a supermanifold of dimension m\n. Its 
evaluation map is the canonical projection onto 0-forms AS = C'^,.+J2^=i ^^S — > C|f . 



It is well known, see Pa|| , that any supermanifold is isomorphic to a supermanifold 
of the form SM{E). However, the isomorphism is not canonical, unless n = 0. 
Example 4: Any manifold (Mo,C^j^) of dimension m can be considered as a super- 
manifold of dimension m|0. In fact, it is associated to the vector bundle of rank 
over Mq via the construction of Example 3. For any supermanifold M = {Mq,A) 
the pair (Hmo^^*) defines a canonical morphism e : Mq M. The composition 
of e with the canonical constant map p : {p} Mq {p G Mq) defines a morphism 
= iPi fp) • {p} ~^ M. The epimorphism e* : ^ ^ M onto the constant sheaf is 
called the evaluation at p: 

e;f = {e*f){p). 
f{p) := e*f e M is called the value of / at the point p. 

Example 5: Let = Vq + Vi be a Z2-graded vector space of dimension m\n and 
Ev = Vi X Vo — > Vo the trivial vector bundle over Vq with fibre Vi. Then to V we 
can canonically associate the supermanifold SM{V) := SM{Ev), see Example 3. 

Let (xq) = (xq, . . . be local coordinates for Mq defined on an open set U C 
Mq, Su a rank n free sheaf of Cg?-modules over U and : ASu — an isomorphism. 
We can choose sections (^q) = (^g, . . . ,^q) of Su which generate Su freely over . 
Then any section of ASu is of the form: 

/= E/"(4,---,Oeo, /„(xj,...,x^)ec°^([/), (21) 

where := (^(i)°i A ... A (^J)"" for a = (ai, . . . , a„). The tuple (0, x^, il) is called 
a local coordinate system for M over U . The open set U C Mq is called a 
coordinate neighborhood for M . Any function on M over U is of the form 0(/) 
for some section / as in (|2lD. The functions := 0(xq) G A{U)q, := 4>{^q) G Ai 
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are called local coordinates for M over U . The evaluation map e* : A Cfj^^ is 
expressed in a local coordinate system simply by putting = ■ ■ ■ = = in (^Tj): 

e*(0(/)) = f{xl . . . , x^, 0, . . . , 0) := /(o,...,o) (4, 
In particular, we have e*x^ = Xq and e*^-' = 0. 

Example 6: Let = Vq + Vi be a Z2-graded vector space and {x\ = {x\ . . . , x"^, 
^\...,^") a basis of the Z2-graded vector space V* = Hom(V, M). Then {x\C,^) 
can be considered as global coordinates on the supermanifold SM{V), i.e. as local 
coordinates for SM{V) over Vq = SM(y)o, see Example 5. 

Let M and be supermanifolds of dimension m\n and p\q respectively. In local 
coordinates (x*, for M and {y'', rf) for a morphism ip is expressed by p even func- 
tions y''{x^, . . . , X™, ■ ■ ■ , := V'*!/'^ and q odd functions ?7'(x-'^, . . . , x™', . . . , 
:= y9*?7'. 

There exists a supermanifold M x N = (Mq x A^^q, vAmxtv) called the product of 
the supermanifolds M and and morphisms ttm '■ M x N ^ M, ttn : M x N ^ N 
such that (tt^jX*, TT^y*^, TT^j^-', TT^r/') are local coordinates for M x A^ over U x V if 
(x*,(^-^) are local coordinates for M over U and [y^^rf) are local coordinates for A^ 
over V . The morphism tti = ttm (respectively, 772 = tttv) is called the projection of 
M X N onto the first (respectively, second) factor. Given morphisms ipi : Mj — > A^j, 
z = 1, 2, there is a corresponding morphism ipiX : Mi x M2 —^NixN2 such that 

TTtVi O ((^1 X V92) = ^PlO TCm^ and TTjv^ O {ip^ X (^2) =^2° T^Ah- 

As next, we will discuss the notion for tangency on supermanifolds. For this 
purpose, we recall the following definition. 

Definition 18 An endomorphism X = Xo + Xi G End(A) = End]^(A) (here X^ = 
a, a = 0,1) of a 'L2-graded algebra A is called a derivation if it satisfies the Leibniz- 
rule 

X^{ab) = X^{a)b + (-l)"'^aX„(6) 

for all homogeneous a,b & A and a G Z2. The 'L2-g™ded vector space of all deriva- 
tions of A is denoted by Der A = (Der A)o + (Der A)i. 

Notice that the supercommutator on End(A) restricts to a super Lie bracket on 
Der A. 

Definition 19 Let M = {Mq,A) be a supermanifold. The tangent sheaf of M is 
the sheaf of derivations of A and is denoted by Tm = (Zm)o + {Tm)i- A vector field 
on M is a section ofT^. The cotangent sheaf is the sheaf Tj^j = Hom_4(7M, v4). 
The full tensor superalgebra over Tm is the sheaf of superalgebras generated by 
tensor products (Z2-graded over A) of Tm andT^j. It is denoted by ®a{'^m^'T'm) ■ ^ 
tensor field on M is a section of ®j\^{Tm,T^^) . 
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Explicitly, a section X G Tm{U) {U C Mq open) associates to any open subset 
y C [/ a derivation X\y & Tiei A{V) such that 

X\y{f\y) ^ X\^{f% for all feA{U). 

Given local coordinates (a;*,^-') on M over U there exist unique vector fields 

— erM{U)o and —eTMiU), 

such that 

^^Xk ^^Al 

(Here, of course, d'^ G ^(^7) is the unit element in the algebra A{U) ii i = k and is 
zero otherwise.) Moreover, the vector fields [d / dx^ , d / d^^) freely generate Tm{U) = 
Dej:A{U) over A{U). This shows that Tm is a locally free sheaf of rank m\n — 
dimM over A. It is also a sheaf of super Lie algebras; simply because DerA{U) is a 
subalgebra of the super Lie algebra End|]j^(f/) for all open U C Mq. As in the case 
of ordinary manifolds, given a vector field X there exists a unique derivation jCx of 
the full tensor superalgebra ^aC^m, Tm) over Tm compatible with contractions such 
that 

Cxf^Xif) and CxY^[X,Y] 

for all functions / and vector fields y on M {[X, Y] is the supercommutator of vector 
fields). 

Definition 20 Let M — (Mq^A) be a supermanifold. A tangent vector to M at 

p G Mq is an W-linear map v — vq + vi : Ap ^ M such that 

Vaifg) = Va{f)e;{9) + {-ir^\;{fM) , a = 0,1, 

for all germs of functions f,g G Ap of pure degree. (Ap denotes the stalk of A 
at p.) The 'L2-graded vector space of all tangent vectors to M at p is denoted by 
TpM = (TpM)o + (TpM)i and is called the tangent space to M at p. 

Let X be a vector field defined on some open set U C Mq and p E U. Then we 
can define the value X{p) G TpM of X at p: 

X{p){f):=e;{X{f)), feAp. 

However, unless dimM = m\n = m\0, a vector field is not determined by its values 
at all p G Mq. The above definition of value at a point p is naturally extended 
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to arbitrary tensor fields S; the value of 5 at p is denoted by S{p). Again, unless 
dimM = m\n — m|0, a tensor field on M is not determined by its values at all 
P e Mo. 

Given a morphism (f : M ^ N, to any local vector field X G Tm{U) on M we can 
associate a vector field dipX e {(p*T]si){U) on with values in Am which is defined 
by: 

{dipX){f) = X{^*f), feAr^iV), 

where ^ C Aq is an open set such that '^Q^iV) D U. We recall that '^*Ti^ is the 
sheaf of ^M-modules over Mq defined by: 

(^^Tn := Am ®^-U;v • 

Here the action of ^Pq^An on Am is defined by the map 

Vq^An Vo^^*Am Am 

induced by ip* : An (P*Am- By the above construction, we obtain a section dip 
of the sheaf Hom_4(7^, (/?*7^), which is expressed with respect to local coordinates 
(m^ .... = (x\ . . . , x"*, C\ . . . , on M and . . . , vP^") = {y\ . . . ,yP,ri\ . . . , 

7]'^) on A^ by the Jacobian matrix ( ^g^J )■ The value dip{p) £ Hom (TpM, T^(j(p) A") of 
the differential at a point p e Mq is defined by: 

dip{p)X{p) ^ {dcpX){p) 

for all vector fields X on M. The differential de of the canonical morphism e : Mo — > 
M provides the canonical isomorphism de(p) : TpMo ^ (rpM)o for all p E M. 

Definition 21 A morphism cp : M ^ N is called an immersion (respectively, a 
submersion^ if dp has constant rank m\n = dimM (respectively, p\q = dimA^j, 
i.e. if for all local coordinates as above the matrix {e*{d(p>*y'^ /dx^)) has constant rank 
m (respectively, p) and {e*{dip*r]^ / d^^)) has constant rank n (respectively, q). An 
immersion (p : M ^ N is called injective (respectively, an embedding, a closed 
embedding^ and is denoted by (p : M ^ N if (fo : Mo — > Aq is injective (re- 
spectively, an embedding, a closed embedding). Two immersions ip : M ^ N and 
(p' : M' — > A^ are called equivalent if there exists an isomorphism ip : M M' 
such that ip = ip' oip. A submanifold (respectively, an embedded submanifold, a 
closed submanifold ) is an equivalence class of injective immersions ( respectively, 
embeddings, closed embeddings) . 

Notice that for any supermanifold the canonical morphism e = (Hmq; ■ Ma ^ M 
is a closed embedding. 

As for ordinary manifolds, immersions and submersions admit adapted coordi- 
nates: 
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Proposition 15 (see /Q/, Let M and N be supermanifolds of dimension dim M = 
m\n and diniA^ = pIq- A morphism if : M ^ N is an immersion (respectively, sub- 
mersion) if and only if for all {x,y = (po{x)) G MqX{Pq{Mq) C MoxA^^q there exists lo- 
cal coordinates {x^, . . . , x™, . . . , forM defined nearx and {y^, . . . ,yP,r]^, . . . , rj'^) 
for N defined near y such that 

^V = |'n ^ = ^y--^^<P and v^V = | J = l,...,n<g 

I U for m < t < p lU for n < j < q 

( respectively, 

ip*y^ = X* for i = 1, . . . ,p < m and ip*ri^ = for j = 1, . . . ,q < n) . 

For any submanifold : M •—>■ N we define its vanishing ideal J'y C {AN)y at 
y e No as follows: Jy := {AN)y if y ^ V'o(Md) and Jy := ker(r o yj*) if ?/ = ifoix), 
X G Mo, where r : ((v5o)*-^a/)?/ — ^ ("^a/)x is the natural restriction homomorphism. 
The union J' := Uy^NoJ'y C An is called the vanishing ideal of the submanifold 
if : M ^ N . By Prop. |1^, it has the following property (P): If y & (^^{Mq) then 
there exists p — m even functions (y*) and q — n odd functions t]^ on N vanishing at 
y whose germs at y generate Jy and which can be complemented to local coordinates 
for N defined near y. (Here m\n = dimM and p\q = dimA^.j We denote by 
Zu C No the submanifold defined by the equations e*y^ = on some sufficiently small 
open neighborhood U <Z No of y. Then U can be chosen such that the germs of the 
functions {y\ri^) at z generate Jz for all z G Zu . 

Conversely, let yjo : Md > A^o be any submanifold and Jy C (^Ar)y, y G A^, 
a collection of ideals with the above property (P) and such that Jy = {AN)y for 
y ^ (Po{Mq), then there exists a supermanifold M = {Mo, Am) and an injective 
immersion (p = {ipo, ip*) : M ^ N with JT" = Uy^^Jy as its vanishing ideal. 

Notice that if M iV is a closed submanifold then its vanishing ideal can be 
defined directly as the sheaf of ideals J := kei ip*. 

A. 2 Pseudo-Riemannian metrics, connections and quater- 
nionic structures on supermanifolds 

Let A be a superalgebra and T a free A-module of rank m\n. 

Definition 22 An even (respectively, odd) bilinear form on T is a biadditive map 
g : T X T ^ A such that 

g{aX,bY) = {-lf^abg{X,Y) 
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{respectively, g{aX, bY) = {-lf^+'^+~^abg{X, Y)) , 

for all homogeneous a.b G A and X.Y E T. A bilinear form g on T is called 
supersymmetric (respectively, super skew symmetric^ if 

g(X,Y)^(-lf^g{Y,X) 

{respectively, g{X, Y) = -{-lf^g{Y, X)) , 
for all homogeneous X,Y eT. It is called nondegenerate if 

T3X^ g{X, ■) e T* = HomA(T, A) 

is an isomorphism of A-modules. The A-module of bilinear forms on T is denoted 
by BilA(T) = BilA(T)o + BilA(r)i. 

Notice that BilA(r) ^ HomA(T, T*)=T* Oa T*, where T* = HomA(T, A). 

For a supermanifold M = {Mo,A) the sheaf BUj^Tm of bihnear forms on Tm 
is defined in the obvious way such that (Bil_4 7A,/)(f/) = Bil_4([/)(7M(t/)) for every 
open subset U C Mq with the property that Tm{U) is a free A{U)-m.odu\e. We 
have obvious isomorphisms of sheaves of ^-modules: Bil^T^ = Hom^(7^,7^) = 
Tm ®a Tm- Since any section g of Bil_4 7M can be considered as a tensor field on 
M, it has a well defined value g{p) G Bil]]^(TpM) for all p G Mq. The restriction 
g{p) I (TpM)o X (TpM)o defines a section go of Bil^^ via the canonical identification 

deip) : T^Mo ^ {T^M^. 

Definition 23 A pseudo-Riemannian metric on a supermanifold M = {Mq,A), 
Mq connected, is an even nondegenerate supersymmetric section g o/Bil^T^- The 
signature {k, I) of g is the signature of the pseudo-Riemannian metric go on Mq. 
The pseudo-Riemannian metric g is said to be a Riemannian metric if go is Rie- 
mannian. Let M — {MA) be a supermanifold andS a locally free sheaf of A-modules. 
A connection on £ is an even section V of the s/iea/Hom_4(T/v/, Endj^^), which to 
any vector field X on M associates a section Vx of End]^ S such that 

Vxfs^X{f)s+{-lfffVxs 

for all vector fields X on M, functions f on M and sections s of £ of pure degree. The 
curvature RofVis the even super skew symmetric section of End^ £ Bil^ Tm 
defined by: 

R{X,Y) := VxVy - (-l)^^VyVx " V[x,y] 
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for all vector fields X , Y on M of pure degree. A connection on a supermanifold 

M is by definition a connection on its tangent sheaf Tm- Its torsion is the even 
super skew symmetric section of Tm ®a Bil^ Tm defined by: 

T{X, Y) := VxY - i-lf^VyX - [X, Y] 

for all vector fields X , Y on M of pure degree. 

As for ordinary manifolds, a connection V on a supermanifold M induces a connection 
on the full tensor superalgebra <^a{1'm, T^j) . In particular, if g is e.g. an even section 
of BiU Tm = T^®T;.[ then we have 

{yxg){Y, Z) = XgiY, Z) - giyxY, Z) - {-if^giY, V xZ) 

for all vector fields X, Y and Z on M of pure degree. As in the case of ordinary 
manifolds, see e.g. [P'N|| , one can prove that a pseudo-Riemannian supermanifold 



(M, (7) has a unique torsionfree connection V = such that \/g = 0. We will call 
this connection the Levi-Civita connection of {M,g). It is computable from the 
following superversion of the Koszul-formula: 

2giVxY,Z) = XgiY,Z) + {-lf^^+^^YgiZ,X) 

-(-lfiM)zg^X,Y)-g{X, [Y,Z]) 

+ {-lf^^+^^g{Y, [Z, X]) + {-lf^^+^^g{Z, [X, Y]) (22) 

for all vector fields X, Y and Z on M of pure degree. 

Next we are going to define quaternionic supermanifolds and quaternionic Kahler 
supermanifolds. First we define the notion of almost quaternionic structure. 

Definition 24 Let M = (Mq, A) be a supermanifold. An almost complex struc- 
ture on M is an even global section J G (End_4 7/y^)(Mo) such that = —Id. An 
almost hypercomplex structure on M is a triple (Jq,) = (Ji, J2, J3) of almost com- 
plex structures on M satisfying J1J2 = J3. An almost quaternionic structure on 
M is a subsheafQ C End^Tsf with the following property: for every p G Mq there ex- 
ists an open neighborhood U C Mq and an almost hypercomplex structure (Jo) on M\jj 
such thatQiU) is a free A{U) -module ofrank3\0 with basis (Ji, J2, J3). A pair{M, J) 
(respectively, (M, {Ja)), {M, Q)) as above is called an almost complex supermani- 
fold (respectively, almost hypercomplex supermanifold, almost quaternionic 
supermanifold ). 

Second we introduce the basic compatibility conditions between almost quater- 
nionic structures, connections and pseudo-Riemannian metrics. 
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Definition 25 Let (M, Q) be an almost quaternionic supermanifold of dimension 
dimM = m\n. A connection V on {M,Q) is called an almost quaternionic con- 
nection if V preserves Q, i.e. ifVxS is a section of Q for any vector field X on 
M and any section S of Q. A quaternionic connection on {M,Q) is a torsion- 
free almost quaternionic connection. If the almost quaternionic structure Q on M 
admits a quaternionic connection, then it is called 1-integrabIe or quaternionic 
structure. In this case the pair {M,Q) is called a quaternionic supermanifold, 
provided that m = dimMo > 4. 

Definition 26 A (pseudo-) Riemannian metric g on an almost quaternionic super- 
manifold {M,Q) is called Hermitian if sections of Q are g-skew symmetric, i.e. if 
g{SX, Y) = —g{X, SY) for all sections S of Q and vector fields X , Y on M. In this 
case the triple {M,Q,g) is called an almost quaternionic (pseudo-) Hermitian 
supermanifold. //, moreover, the Levi-Civita connection of the Q-Hermitian 
metric g is quaternionic, then {M,Q,g) is called a quaternionic (pseudo-) Kahler 
supermanifold, provided that m = dimMo > 4. 

We recall that to any (pseudo-) Riemannian metric 5^ on a supermanifold M we 
have associated the (pseudo-) Riemannian metric go on the manifold Mq, see Def. 



23[ Now we will associate an almost quaternionic structure Qq on Mq to any almost 
quaternionic structure Q on M. To any even section S of End^ Tm we associate a 
section 5*0 of Endc^ Tmq defined by So{p) = S{p)\TpMQ, where S{p) G (End]^(TpM))o 
is the value of the tensor field S" at p G Mq and, as usual, T^Mq is canonically identified 
with (TpM)o. Let Qq C Endc^ Tm^ be the subsheaf of -modules spanned by the 
local sections of the form Sq, where S" is a local section of Q. Then Qq is a locally free 
sheaf of rank 3 and hence it defines a rank 3 subbundle of the vectorbundle EndTMo, 
more precisely, an almost quaternionic structure on Mq in the usual sense, see Def. ^. 

Finally we give the definition of quaternionic supermanifolds and of quaternionic 
Kahler supermanifolds of dimension 4|n. 

Definition 27 An almost quaternionic supermanifold {M, Q) of dimension dimM = 
A\n is called a quaternionic supermanifold if 

i) there exists a quaternionic connection V on {M,Q), 

a) {Mq,Qq) is a quaternionic manifold in the sense of Def. |^. 

An almost quaternionic Hermitian supermanifold {M,Q,g) of dimension dimM = 
4\n is called a quaternionic Kahler supermanifold if 

i) the Levi-Civita connection preserves g and 
a) {Mq,Qq) is a quaternionic Kahler manifold in the sense of Def. 
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A. 3 Supergroups 

Let \^ = Vo + Vi be a Z2-graded vector space. We recall that qI{V) denotes the 
general linear super Lie algebra. Its super Lie bracket is the supercommutator on 
End]^ V, see Example 2. 

Definition 28 A representation of a super Lie algebra g on a 7j2-graded vector 
space V is a homomorphism of super Lie algebras q —>■ qI{V). The adjoint repre- 
sentation of Q is the representation ad : Q 3 x ^ ad^ G qI{q) defined by: 

ad^y = [x,y], x,y eg. 

Here [■, ■] denotes the super Lie bracket in q. A linear super Lie algebra is a 
subalgebra g C gl{V). 



Notice that, by the super Jacobi identity, see Def. 0, ad^ is a derivation of g for all 
X eg. 

Now let be a module over a super algebra A; say E = V ® A, where is a 
Z2-graded vector space (and ® stands for the Z2-graded tensor product over R). The 
invertible elements of (EndA-£')o form a group, which is denoted by GLa(-E^). Given 
a Z2-graded vector space V, the correspondence 

A ^ GLa(F® A) 

defines a covariant functor from the category of superalgebras into the category of 
groups. We can compose this functor with the contravariant functor 

M = {Mo, A) ^A{Mo) 

from the category of supermanifolds into that of superalgebras. The resulting con- 
travariant functor 

M ^ GL{V)[M] := GLAiMo){V ^ A{Mo)) 
from the category of supermanifolds into that of groups is denoted by GL(y)[-]. 

Definition 29 A supergroup G[-] is a contravariant functor from the category of 
supermanifolds into that of groups. The supergroup GL(\^)[-], defined above, is called 
the general linear supergroup over the Z2-graded vector space V. A subgroup of 
a supergroup G[-] is a supergroup H[] such that H[M] is a subgroup of G[M] for all 
supermanifolds M and H[(p] = G[ip]\H[N] for all morphisms : M —>■ N. We will 
write H[-] C G[-] if H[-] is a subgroup of the supergroup G[-]. A linear supergroup 
is a subgroup H[-] C GL(V^)[-]. 
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Example 7: To any linear super Lie algebra q G qI{V) we can associate the linear 
supergroup G[-] C GL(y)[-] defined by: 

G[M] (exp(0(8)^(Mo))o) 

for any supermanifold M — (Mq, A). The right-hand side is the subgroup of GL_4(Mo) 
{V (8) A{Mo)) generated by the exponential image of the Lie algebra (g (8) A{Mo))o C 
idiiV) (g) A{Mo))o = (End^(Mo)(l^ O A{Mo)))o- The convergence of the exponential 
series, which is locally uniform in all derivatives of arbitrary order, follows from the 
analyticity of the exponential map by a (finite) Taylor expansion with respect to the 
odd coordinates. G[-] is called the linear supergroup aissociated to the lineair 
super Lie algebra q. 

For any supermanifold M wc denote by Am = (^Mq; ^*m) the diagonal embed- 
ding defined by: Am(Xx) = ix,x) (x G Mq) and A^^tt*/ = / for all functions / on 
M. Here tTj : M x M — > M denotes the projection onto the i-th factor of M x M 
(i = l,2). 

Definition 30 A Lie supergroup is a supermanifold G = {Go,Ag) whose under- 
lying manifold is a Lie group Gq (which, for convenience, we will always assume to 
be connected) with neutral element e e Go, multiplication fj^o : Gq x Gq ^ Gq and 
inversion Lq : Gq ^ Gq, together with morphisms /i — {/Iq, /i*) : G x G ^ G and 
i — (to, i*) : G ^ G such that 

i) HO {Ida X h) = HO {hx Ida) e Mor(G' x G x G,G), 

a) H o {Ida X Se) = TTi : G X {e} ^ G , ii o {e^ x Ida) = t^2 '■ {e} x G ^ G and 

Hi) jjL o (Ida X L) o Ag — jio [lx Ida) o Aq — Ida- 
Here Ce = (e, e*) : {e} ^ Gq ^ G is the canonical embedding. The morphisms // 
and i are called, respectively, multiplication and inversion in the Lie supergroup 
G. A Lie subgroup of a Lie supergroup G = {Gq^Ag) is a submanifold ip : H = 
{Hq,Ah) ^ G such that the immersion (pQ : Hq ^ Gq induces on Hq the structure 
of Lie subgroup of Gq and ip induces on H the structure of Lie supergroup with 
underlying Lie group Hq. We will write H <Z G if H is a Lie subgroup of G. An 
action of a Lie supergroup G on a supermanifold M is a morphism a : G x M ^ M 
such that 

i) ao {Ida x a) = a o (/x x Idu) and 
a) a o (eg X Wm) = : {e} x M ^ M. 
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Given an action a : G x M — > M we have the notion of fundamental vector field 
X associated to x e T^G. It is defined by X{f) := x{a*f). The correspondence 
X i-^ X defines an even M-hnear map TeG — > 7m (Mq) from the Z2-graded vector 
space TeG to the free Am {Mo)-module of global vector fields on M. 

Definition 31 Let an action a of a Lie supergroup G on a supermanifold M be 
given. A tensor field S on M is called G-invciriant if the Lie derivative CxS — for 
all fundamental vector fields X. (Notice that, in particular, this defines the notion 
of G-invariant pseudo-Riemannian metric on M.) An almost quaternionic structure 
Q on M is called G-invariant if CxS is a section of Q for all sections S of Q and 
fundamental vector fields X on M. 

We can specialize the above definition to the (left-) action /i : GxG ^ G given by the 
multiplication in the Lie supergroup G. The G-invariant tensor fields with respect to 
that action are called left-invariant. A tensor field S is called right-invariant if 
LxS = for all left-invariant vector fields X on G. The right-invariant vector fields 
are precisely the fundamental vector fields for the action /i. 

For any Lie supergroup G, we can define a group homomorphism : Go — > 
Aut(G) by: 

^i{g) -.= 110 {eg X Idc) : {^} X G ^ G ^ G , ^ G Go . 

Here eg : {g} G is the canonical embedding and {g} x G is canonically identified 
with G via the projection 712 '■ {g} x G ^ G onto the second factor. Similarly, we 
can define a group antihomomorphism fir '■ Gq ^ Aut(G) by: 

lirig) := A* o (Idc xeg):Gx{g}^G^G, g e Go . 

Notice that the canonical embedding e : Go ^ G is Go-cquivariant with respect to 
the usual left- (respectively, right-) action on Go and the action on G defined by /ii 

(respectively, fir)- 

Given a Lie supergroup G and a supermanifold M there is a natural group struc- 
ture on Mor(M, G) with multiplication defined by: 

(fi ■ ip :^ fi o {(f X ip) o Am , e Mor(M, G) . 

The correspondence M 1— > Mor(M, G) defines a supergroup. 

Definition 32 The supergroup G[-] := Mor(-,G) is called the supergroup subordi- 
nate to the Lie supergroup G. 
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Example 8: Let be a Z2-graded vector space. Then GL]]j(V) is, by definition, the 
group of invertible elements of (End]^l^)o. The Lie group GL]^(\^) = GL]^(Vo) x 
GL]^(Vi) is an open submanifold of the vector space (End]^y)o = SM{Eiad-^V)o, 
see Example 5. We define the submanifold 

GUV) := SM{End^V)\^^^^^^ ^ SM{Y.nd^V) . 

The manifold underlying the supermanifold GL(y) = {GL(y)o, Agl{v)) is the above 
Lie group: GL(V)o = GL]^(V^). From the definition of the supermanifold GL(y) 
it is clear that Mor(M, GL(V^)) is canonically identified with the set GL^(Mo)(V" 
A{Mo)) = GL{V)[M] (cf. Def. |2|) for any supermanifold M = (Mq,^). Moreover, 
GL{V) has a unique structure of Lie supergroup inducing the canonical group struc- 
ture on GL(K)[M] for any supermanifold M. In other words, the general linear 
supergroup GL(K)[-] is the supergroup subordinate to the Lie supergroup GL{V), 
see Def. 0. 

Definition 33 The Lie supergroup GL{V) is called the general linear Lie super- 
group. A linear Lie supergroup is a Lie subgroup o/GL(V^). 

There exists a unique morphism 

Exp : SM{gi{V)) GL{V) 

such that 

Exp o ip = exp{(p) 

for all supermanifolds M = (Mq,^) and ip G Mot{M, SM{qI{V))) = {qI{V) ® 
A{Mq))q = (End^(Mo) ^^A{Mq))q, where, on the right-hand side, exp : (End^(Mo) ^® 
A{Mo))o GLa{Mo){V0A{Mo)) = Mor(M, GL{V)) is the exponential map for even 
endomorphisms of V ^ A{Mq) (for the definition of the supermanifold SM{gi{V)) 
see Example 5). The underlying map Expo : qI{V)o = SM{qI{V))o GL{V)o is the 
ordinary exponential map for the Lie group GL(\^)o: Expg = exp. The morphism 
Exp is called the exponential morphism of 

Example 9: Let g C 0t(V^) be a linear super Lie algebra and G[-] C GL(V^)[-] 
the correponding linear supergroup, see Example 7. We denote by Go C GL(y)o 
the connected linear Lie group with Lie algebra Qq. It is the immersed Lie subgroup 
generated by the exponential image of go = flt(V")o. We define an ideal J'g C (^GL(y))c/ 
as follows: A germ of function / G (^GL(V'))g {g ^ Co) belongs to J'g if and only 
if r{ip*f) = for all injective immersions G (^[M] C Mor{M, GL{V)), where 
r : {{(po)t.AM)g ('^^^)</5o ^(9) natural restriction map. We claim that J'g := 

Ug(zGoJg is the vanishing ideal of a submanifold G ^ GL{V). Due to the invariance 
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of Jg under the group ^i{Go) C Aut(G) it is sufficient to prove the claim locally over 
an open set of the form exp U G Gq, U C Qo open neighborhood of G go- The 
local statement follows from the fact that the morphism SM{q) '—>■ SM{qI{V)) — > 
GL{V) has maximal rank at G 0o = SM[q)o and hence defines a submanifold 
SM{q)\jj > GL{V) for some open neighborhood of f/ of G go- The vanishing ideal 
of this submanifold coincides with J7g over exp U by the definition of the exponential 
morphism. Next we claim that multiplication /i : GL(V^) x GL(V^) — > GL(y) and 
inversion l : GL(V^) — > GL{V) have the property that /i*j7G C JTgxg and l*J'g = Jg- 
Here Jgxg is the vanishing ideal of the submanifold G x G ^ GL(V^) x GL(V^). 
The claim follows from the fact that G[-] is a subgroup of GL(V)[-] and implies that 
the morphisms G x G ^ GL{V) x GL{V) A GL(l^) and G ^ GL{V) ^ GL{V) 
induce morphisms G x G —>■ G and G ^ G, which induce on G the structure of Lie 
supergroup. In other words, G is a Lie subgroup of the general linear Lie supergroup 
GL{V). It is called the linear Lie supergroup associated to the linear Lie 
superalgebra g C qI{V). Notice that Exp* maps Jg iuto the vanishing ideal of 

SM{q) ^ SM{g[{V)) and hence the restriction SM{g) ^ SM{gl{V)) ^-^ GL{V) 
of the exponential morphism induces a morphism SM{g) G, which is called the 
exponential morphism of g and is again denoted by Exp. Its differential at G flo 
yields an isomorphism g = ToS'M(0) ^ T^G. 



A. 4 Homogeneous supermanifolds 

Let G = {Go,Ag) be a Lie supergroup, K <Z Go & closed subgroup and ttq : Gq ^ 
Gq/K the canonical projection. Then the subsheaf Aq '■= Aq^^^ C Ag of functions 
on G invariant under the subgroup fir{K) C Aut(G) is again a sheaf of superalgebras 
on Go- Explicitly, a function / G Ag{U) {U C Go open) belongs to Ag{U) if it can 
be extended to a /ir(i^')-invariant function over UK C Gq. Its pushed forward sheaf 
Ag/k '■= {'^o)*Ag is a sheaf of superalgebras on the homogeneous manifold Gq/K. 

Theorem 18 (cf. j^) Let G ^ GL(y) be a closed linear Lie supergroup and 
K C Go a closed subgroup. Then G/K = {Go/ K, Ag/k) is a supermanifold with 
a canonical submersion it : G G/K and a canonical action a : G x G/K — > G/K. 

Proof: Since fj,i{g) G Aut(G) induces isomorphisms 

AG/K{gU) ^ Ag/k{U) 

for all g E Go and U C Go/ K open, it is sufficient to check that G/ K\jj = {U, AG/K\^) 
is a supermanifold for some open neighborhood U of eK G Go/K. 
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Lemma 12 Under the assumptions of Thm. \T^, there exists local coordinates {x, y,C,) 
for GL{V) over some neighborhood U = UK G GL{V)o of e E GL(l^)o such that 

1) X = (x*) and y = (y^) consist of even functions and ^ = (^'^) of odd functions, 

^) '^GL(v')(^) subalgebra of Agi,(v){U) which consists of functions f{x,C,) 

only of {x,C,), more precisely, 

/(^,o = E/a(^)r, 

a 

where the fa{x) G Agl{v){U) are functions only of x, i.e. if fa{x) 7^ then 
fa{x) does not belong to the ideal generated by ^ and e*fa{x) G C°°{U) are 
functions only of t*x (independent of t*y). Here we used the multiindex notation 
« = («!,..., asmn) e Z^™" (m\n = diuiV ) and ^ = Y{]=i{i^T' . 

Proof: The natural (global) coordinates on the supermanifold GL(\^) are the matrix 
coefficients with respect to some basis of V. We will denote them simply by {z^.,C,^) 
instead of using matrix notation. For these coordinates it is clear that fir{g)*z'^ is 
a linear combination (over the real numbers) of the even coordinates z := (z*) and 
lJt>r{g)*C^ is a linear combination (over the real numbers) of the odd coordinates C, := 
{C,^) for all g G G'L{y)o. In particular, we obtain a representation p of K G GL{V)o 
on the vector space spanned by the odd coordinates. Let Ep — >• Gq/K denote the 
vector bundle associated to this representation. Any /ir(/r)-invariant function on 
GL(\^) linear in C, defines a section of the dual vector bundle E* and vice versa. 
Now, since E* is locally trivial (like any vector bundle), we can find /i.r(-ft')-invariant 
local functions ^ = (^•') linear in such that {z,S,) are local coordinates for GL(F) 
over some open neighborhood U = UK C GL{V)q of e. Next, by way of a local 
diffeomorphism in the even coordinates z, we can arrange that z = {x,y), where 
the X are /ir(-ft')-invariant functions on GL(l^) such that e*x G C'^{U) induce local 
coordinates on Gq/K. Now any function / G ^GL(y)(f^) has a unique expression of 
the form 

E/"(^>i/)r, (23) 

a 

where the fa{x,y) are functions only of {x,y). From the /ir(-^)-iiivariance of the 
it follows that / is /ir(-ft')-invariant if and only if the fa{x,y) are /ir(-^)-invariant. 
The function fa{x, y) is /ir(-ft')-invariant if and only if e* fa{x, y) G C°°(f/) is invariant 
under the right-action of K on GLq, i.e. if and only if e*fa{x, y) is a function only of 
e*x. This shows that / G ^GL(y)(t^)^ if and only if the coefficients fa{x,y) in the 
expansion (^3]) are functions only of x □ 

We continue the proof of Thm. |TB|. From Lemma |T2| it follows that GL(\^) /A' is a 
supermanifold. In fact, the i^'-invariant local functions {x,C,) on GL(y) constructed in 
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that lemma induce local coordinates on GL{V)/K. Next we restrict the coordinates 
{x, y, ^) to the submanifold G ^ GL{V). We can decompose x = {x', x"), ^ = (^', 
such that {x',y,^') restrict to local coordinates on G over some open neighborhood 
(again denoted by) U of e E Go (notice that, by construction, y restrict to local 
coordinates on K). Now, as in the proof of the corresponding statement for GL(V) 
(see Lemma |12|), it follows that Aq{U) consists precisely of all functions of the 
form f{x',^') = J2 fa{x'){^')°'. This proves that G/K is a supermanifold with local 
coordinates {x',^') over U. 

The inclusion Aq C Ag defines the canonical submersion tt : G ^ G/K. Finally, 
if / is a fir{K)-mvaiia.nt (local) function on G then fi*f is a (local) function on 
G X G invariant under the group Idc x fir{K) C Aut(G' x G). This shows that the 
composition GxG-^G^G/K factorizes to a morphism a:GxG/K^G/K, 
which defines an action of G on G/K. □ 

Definition 34 The supermanifold M = G/K is called the homogeneous super- 
manifold associated to the pair {G, K) . 

For the rest of the paper let q C QliV) be a linear super Lie algebra, I <Z Qq 
a subalgebra and q = t + xn a. {-invariant direct decomposition compatible with 
the Z2-grading. We denote hy K C Go C G C GL(y) the corresponding linear 
Lie supergroups (see Example 9) and assume that the (connected) Lie subgroups 



K C Go C GL{V)o are closed. Then, by Thm. |T8|, M = G/K is a supermanifold 
with a canonical action of G. We have the canonical identification ra = Q/t = T^kM 
given by X I— > X{eK), where X{eK) is the value of the fundamental vector field X on 
M associated to x G m at the base point cK E Go/K = Mq. We claim that any adg- 



invariant tensor Sex over m defines a correponding G-invariant (see Def. |3l|) tensor 
field on M such that S{eK) = Sex- Here by a tensor over m we mean an element of 
the full tensor superalgebra (8>(m, m*) over m. In fact, for any tensor S^k over m there 
exists a corresponding left-invariant tensor field S* on G such that S{eK) = SeK- In 
order for S to define a tensor field on G/i^ it is necessary and sufficient that 5* is 
/ij,(-ft')-invariant, or, equivalently, that Sex is adj-invariant. In particular, we have 
the following proposition: 

Proposition 16 Let g^.^ he an ad^-invariant nondegenerate supersymmetric bilinear 
form on m. Then there exists a unique G-invariant pseudo-Riemannian metric g on 
M = G/K (see Def. and Def. such that g{eK) = g^K- Let Q^k be an adj- 
invariant quaternionic structure on m (i.e. ad : t — ^[(m) normalizes Qsk)- Then 
there exists a unique G-invariant almost quaternionic structure Q on M (see Def. |^ 
and Def. \3l\ ) such that Q{eK) = Qex- 



Finally, we need to discuss G-invariant connections on M = G/K. 
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Definition 35 A connection V on a homogeneous supermanifold M = G/K is called 
G-invariant if 

Cxi^yS) = V[x,Y]S+i-lf^'^YiCxS) 
for all vector fields X and Yon M. 

Let V be a connection on a supermanifold M. For any vector field X on M one 
defines the AM{Mo)-lmea.T operator 

Lx '■= Cx — Vx • 

We denote by Lx{p) € Endjg TpM its value at p G Mq; it is defined by Lx{p)Y{p) = 
{LxY){p) for all vector fields Y on M. 

For a G-invariant connection V on a homogeneous supermanifold M = G/K as 
above we define the Nomizu map L = L(V) : End(Tei^M), x i— > L^., by the 
equation 

:= Lx{eK) , 

where X is the fundamental vector field on M associated to x G g. The operators L^, G 
End(TexM) will be called Nomizu operators. They have the following properties: 

Lj. = dp{x) for all x et (24) 

and 

LAdkX = pik)L^p{ky^ for all xGg, keK, (25) 

where p : K ^ GL (Tg^M) is the isotropy representation (under the identification 
TexM = m the representation p is identified with adjoint representation of i^' on m). 

Conversely, any even linear map L : g — > End(T[e]M) satisfying (|2^ ) and (^) is 
the Nomizu map of a uniquely defined G- invariant connection V = V(L) on M. Its 
torsion tensor T and curvature tensor R are expressed at eK by: 

T{7rx, ny) = -{L^ny - (-l)^'^Lj^7rx + 7r[x, y]) 

and 

R{7ix, ny) = [L^, Ly] + L[^^y] , x,y E Q 

where tt : g — > T^rM is the canonical projection x ^ nx = X{eK) = ■^\t=o exp{tx)K. 

Suppose now that we are given a G-invariant geometric structure S" on M (e.g. a 
G-invariant almost quaternionic structure Q) defined by a corresponding i^'-invariant 
geometric structure SeK on T^kM. Then a G-invariant connection V preserves S if 
and only if the corresponding Nomizu operators L^, x E Q, preserve Sex- So to 
construct a G-invariant connection preserving 5* it is sufficient to find a Nomizu map 
L : Q ^ End(Tei^M) such that preserves Se for all x E Q. We observe that, due to 
the i^-invariance of Se, the Nomizu operators preserve Se already for x E i. The 
above considerations can be specialized as follows: 
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Proposition 17 Let Q be a G-invariant almost quaternionic structure on a homo- 
geneous supermanifold M = G/K. There is a natural one-to-one correspondence 
between G-invariant almost quaternionic connections on (M, Q) and Nomizu maps 
L : g End(Teii'M), whose image normalizes Q{eK), i.e. whose Nomizu operators 
Lx, a; G 0, belong to the normalizer n{Q) = sp(l) © Qi{d, H) (d = {m -\- n)/A) of the 
quaternionic structure Q{eK) in the super Lie algebra gl{TeKM). 

Corollary 10 Let (M = G/K,Q) be a homogeneous almost quaternionic superma- 
nifold and L : Q End(Tei^M) a Nomizu map such that 

(1) L^ny — {—lyy LyTix = —tt[x, y] for all x,y E Q (i.e. T = 0) and 

(2) Lx normalizes Q{eK) C End (Tgi^M). 

Then V(L) is a G-invariant quaternionic connection on (M, Q) and hence Q is 1- 
integrable. 

For use in ^, we give the formula for the Nomizu map L^ associated to the Levi- 
Civita connection of a G-invariant pseudo-Riemannian metric (? on a homogeneous 
supermanifold M = G/K. Let (■, ■) = g{eK) be the i^-invariant nondegenerate 
supersymmetric bilinear form on T^kM induced by g (the value of g at eK). Then 
G End(TexM), x G g, is given by the following Koszul type formula: 

-2{Ll-ny,-nz) = {Tc[x,y],-Kz)-{Trx,Tc[y,z])-{-lfy{TTy,Tc[x,z]) , x,y,z eg. (26) 



Corollary 11 Let (M = G/K,Q,g) be a homogeneous almost quaternionic (pseudo- 
) Hermitian supermanifold and assume that L^ normalizes Q{eK) for allx E g. Then 
the Levi-Civita connection = V(-L^) is a G invariant quaternionic connection on 
{M,Q,g) and hence {M,Q,g) is a quaternionic (pseudo-) Kdhler supermanifold if 
dim Mo > 4. 
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